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Abstract

We study resonances of chaotic map dynamics. We use the calculus of variations to determine the
additive forcing function that induces the largest response. We find that resonant forcing functions
complement the separation of nearby trajectories, in that the product of the displacement of nearby
trajectories and the resonant forcing is a conserved quantity. As a consequence, the resonant
function will have the same periodicity as the displacement dynamics and if the displacement
dynamics are irregular, then the resonant forcing function will be irregular as well. Furthermore
we show that resonant forcing functions of chaotic systems decrease exponentially, where the rate
equals the negative of the largest Lyapunov exponent of the unperturbed system. We compare the
response to optimal forcing with random forcing, and find that the optimal forcing is particularly
effective if the largest Lyapunov exponent is significantly larger than the other Lyapunov exponents.
However, if the largest Lyapunov exponent is much larger than unity, then the optimal forcing

decreases rapidly and is only as effective as a single push forcing.
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I. INTRODUCTION

Resonance phenomena of sinusoidally driven damped nonlinear oscillators have been
widely studied [1-3] and have numerous applications including nonlinear response phenom-
ena [4, 5], stochastic resonance [6], and nonlinear transport phenomena [7]. Less studied
are periodically driven chaotic systems [8]. An area that has received much less attention
are resonance phenomena of nonlinear systems due to aperiodic and chaotic forcing func-
tions. Ott, Grebogy, and York showed in 1990 [9] that a choatic system can be steered
toward periodic orbits with small controlls and Baba et al. [10] showed in 2002 that chaos
can be effectively controlled with delayed feedback. More recently Soskin et al. [11, 12]
found that small changes in the Hamiltian of a dynamical system can create a large respose.
Plapp [13] and others [14, 15] used the calculus of variations to show that a special class of
aperiodic driving forces can achieve a large energy transfer to a nonlinear oscillator. Such
non-sinusoidal resonant forcing functions yield a high signal-to-noise ratio, which can be
used for system identification with general resonance spectroscopy [16]. The non-sinusoidal
resonant forcing functions have the same dynamics as the time reflected transient dynamics
of the unperturbed system [15].

In this paper, we present a methodology to determine resonant forcing functions for
chaotic systems. We show analytically that resonant driving forces for chaotic map dynamics
are closely related to the unperturbed dynamics of the system. Further, we show that
resonant forcing functions decrease exponentially, where the rate is equal to the largest
Lyapunov exponent of the unperturbed system. We illustrate that resonant forcing functions

yield a large response, even if the initial condition of the system is not exactly known.

II. RESONANT FORCING FUNCTION
We consider the iterated map dynamics
x(" D) = £(x™) 4 F®) (2.1)

where x(™ € R? denotes the state of the d-dimensional system at time stepn =0,1,--- , N —

1 and F™ ¢ R? the forcing function at time step n. The magnitude of the forcing function



is defined as
=% (F™)° (2.2)

The final response to the forcing is defined as
R* = (x(M) — y(M)? (2.3)

where y"*1 = f(y™) is the unperturbed dynamics with y(®© = x(® We use the calculus
of variations with Lagrange function L [17] to determine the forcing function which yields

the largest response R, where L is
p2 Nl 1 I ,
L=—+ ;0 k™ (xD) — f (x(M) — F™) + 5 (F™) (2.4)

(n

and where k™ and p are Lagrange multipliers. The stationary points of the Lagrange

function provide a necessary condition for the maximum response. At stationary points
the partial derivatives with respect to the components of the independent variables x(™ =
(@, 25 o 2ty and F® = (F™ E™ ... F™) are equal to zero. OL/0z{™ = 0, and
aL/aﬂ(n) =0forn=0,1,---,N — 1 yield:
(J(n+1))Tk(n+1) k™ —q (2.5)
pF® — k™ —

for n = 0,1,..., N — 1, where J®™ = (9f;/0x;)|xm is the Jacobi matrix evaluated at x™.
The superscript T indicates the transpose operator. 0L/ Gng) =0and 0L/ (%cEN) = 0 yields:

X)) 4 (N1 (2.6)

Elimination of the Lagrange multipliers k™ from Eq. (2.5) defines the dynamics of the
resonant forcing function

(J(n+1))T Fth) — ) (2.7)

where n=0,1,...,N-1, and the Eq. (2.6) reads
x ) _ g () _ (N1 (2.8)

Eq. (2.8) can be used to determine a boundary condition for the mapping function given by

Eq. (2.7). The control is stable if the displacement between nearby trajectories decreases on
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average. The dynamics of a small displacement d™ = x(® — %(") between two neighboring

trajectories at x(™ and %™ (from Taylor expanding Eq. (2.1)) is given by
dth) — jq) (2.9)
Next we transpose Eq. (2.7) and multiply with d™+)
(R0 gt qnt) — g . gt (2.10)
and with Eq. (2.9) we obtain
F+D) . g(n+2) — p) . qnt+1) (2.11)
Hence the scalar product of the resonant forcing and the displacement is a conserved quantity
P =F®.qr+) (2.12)

forn=0,1,--- N — 1. P is conserved no matter if the unperturbed dynamics is periodic
or chaotic. The constant P depends on the magnitude of the forcing function F'. If the
system is one-dimensional, then the resonant forcing is proportional to the inverse of the
displacement at each time step, i.e. F™ = P/d"*)  If an initial displacement d® is
perpendicular to the initial resonant forcing F(© ie. P = 0, then the resonant forcing

function stays perpendicular to the images of this initial displacement, i.e.
FW.d) =0 if FO.d0 =0 (2.13)

for N = 1,2,---,N — 1. Figure 1 shows the relative magnitude F® /F and direction
P = a'r’ctan(FQ(") / Fl(")) of the resonant forcing function for a chaotic Henon map dynamics
2 =1 2112 + 20 4 B 20 = 0320 4+ B for n =0,1,2, F =01, 2" =
—0.3, and :Ego) = 0.3. The Henon map is a time discrete version of the Lorenz attractor.
In 1963, Edward Lorenz derived this dynamical system from the simplified equations of
convection rolls arising in the equations of the atmosphere. We solve Eq. (2.1), Eq. (2.2),
Eq. (2.7), and Eq. (2.8) numerically with one percent accuracy. These equations have two
or more solutions. At some solutions the response reaches a maximum, at others it reaches a
minimum. We determine the response for each solution numerically and choose the solution
with the largest response. We find that the quantity P (see Eq. (2.12)) is equal to zero
for n = 0,1,2 and that all displacements d*!) are perpendicular to the forces F(™ | if the
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direction of the initial displacement d") is perpendicular to F(© i.e. dgl) = cos (¢ 4 7/2)
and dél) = sin (¢ 4 7/2). If the initial displacement has a different direction, P is typically

not zero but it stays constant within the numerical accuracy of the computation.

III. RESONANT FORCING FUNCTIONS WITH SMALL MAGNITUDE

Next we assume that the forcing function is small and expand the Jacobi matrix about
the unperturbed dynamics to lowest order, i.e. J™ = (9f;/0x;)|ywm. We iterate and expand
Eq. (2.1). To lowest order the difference between the trajectory of the driven system and

the unperturbed system reads:
xN) —y ) = FON=1) 4 JIN-DR(N=2) 4 g(N=1) JIN=2)R(N=3) 4y gIN=1) L J(RO) (3 .7)
With Eq. (2.7) we obtain (see Eq. (D.1) in the Appendix)
x) — 3N = -1 (3.2)

where M = JN=1 ... gjW=n) (=T (JV-DNT and M = [+ NP MO, s the
identity matrix. With Eq. (2.8) this becomes

MFWN-D — _pV=1) (3.3)

where M is a symmetric matrix with up to d orthogonal eigenvectors e;, where Me; = ;e;,
i=1,2,...,d and € = 1. The corresponding eigenvalues y; are positive. The eigenvectors
of matrix M are the solutions of Eq. (3.3) FWV=Y = £ F(N"Ye, where FIV-1 = |[F(N-1)|
and g = —p;. In the next few steps we determine which solutions maximize the response.

Eq. (2.3), Eq. (2.8), and Eq. (3.3) yield
R = () —y ™) = it (FNY)° (3.4)
Since we know that the final value of the forcing function is FV=1 = £ F(V=De, the other
values of the resonant forcing function are
F = ( J(n+1))T Fn+1)
= ()T (e R
— (J<n+1>)T (J<n+2>)T . ({;(NA))T FOV-1) (3.5)

= L|FV-D)| (J<n+1>)T (J<n+2>)T . (J(N—l))Tei
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With this equation and the constraint (see Eq. (2.2)) we determine [FV~Y| as a function

of F? (see Eq. (D.2) in the Appendix):

F? = p; (FN-)? (3.6)

Hence FN=Y = F/,/i;. With Eq. (3.4) we find R* = p;F?. Hence the final forcing which
parallels the eigenvector with the largest eigenvalue of M, i = max {y;} produces the largest

response, and the largest response is
R? = iF? (3.7)

and with Eq. (3.5) we obtain

FV-1 =+ ¢ (3.8)

where € is the eigenvector that corresponds to the largest eigenvalue of M, and for n =

0,1,-- ,N —2:

F® — ii

N

The response depends on the initial state x(?). The expectation value of the response is

() () () 9)

R? = FQ/ﬂp(X)dX (3.10)

where p(x) is the equilibrium distribution of the attractor. Figure 2 shows the expectation
value of the response of a chaotic Henon map dynamics (see Appendix A) as a function
of the map parameter a, where b = 0.3. The numerical value is in good agreement with
the theoretical value (Eq. (A.10)). In the chaotic regime (a > 1.06) the function has many
discontinuities, since the shape of the attractor changes suddenly and thus expectation value
< (xgl))Z > has many discontinuities as a function of a. The matrix M ™ describes how

the magnitude of a displacement grows

dM)2 = (J(N—l)J(N—Q) e J(O)d(o))T (J(N—l)J(N—l) e J(O)d(o)) — (d(O))TM(N)d(O)'
(3.11)
If ME”) are the eigenvalues of M then the Lyapunov exponents are the limits \; =

lim,, %ln ,ugn). The set of Lyapunov exponents will be the same for almost all start-
ing points on an ergodic attractor. For some chaotic systems the matrices M ™ have the

same eigenvectors or approximately the same eigenvectors. For instance if the Jacobian

is constant, i.e. J™ = JO for n = 1,2,--- N — 1, then M®™ = (JO)y((JOHT)» =
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(JO TNy = (MDY since JO(JONYT = (JO)T JO) This is the case for the shift map
(Appendix B). If the matrices M (™ have the same eigenvectors or approximately the same

eigenvectors the eigenvalues obey the following relation
1 nA\;
u" & ()" e (3.12)

If an initial displacement is parallel to the eigenvector of M that corresponds to the largest
Lyapunov exponent A= max{\;,i = 1,2,--- /d}, then it has the largest growth rate, i.e.
d™ = e"d©®. The final value of the optimal forcing function F¥=1 is parallel to the
eigenvector of M that corresponds to the largest Lyapunov exponent and earlier values obey

the dynamics (using Eq. (3.5)):

™2 = ((J(”+1))T . (J<N—1>)TF<N—1>>T ((J<n+1>)T . (Juv—l))TF(N—l)) (3.13)
e _ 1

_ (F(Nq))T MWN-n=DRp((N-1) _ MZ(N 1)(F(N 1))2 _ E(F(O)>2

Hence the growth rate of the magnitude of the the optimal forcing function is equal to the

opposite of the largest Lyapunov exponent:
F) = ¢=Anp(©) (3.14)

As a consequence, the optimal forcing function decreases rapidly with n, if the largest

Lyapunov exponent is much greater than 1. Since M = I + ZN ' M™ we estimate I

L+p+p2+ 4+ phN = 11’_62; . Then the response can be approximated by

1 — 625\N
R*="—"—F? (3.15)
1—e?
In comparison, for random forcing F" = (Fr(ﬁ), FT(Z), s Ffz)) where each component of the

forcing function at each time step is a random number with variance < (FT(?))2 >= [?/(Nd)

no correlations < FT(?)FT(?)
(from Eq. (3.1), see Eq. (D.3) in the Appendix)
d
1 1 — 2N\ F2
2 _
Ry = (a 2 1_—> o (316)

i=1

>= () for ¢ # j. Then the expectation value of the response is

From Eq. (3.15) and Eq. (3.16) we conclude that the response for the optimal forcing is
large compared to the response from random forcing if the largest Lyapunov exponent is

much larger than the other Lyapunov exponents. Figure 3 shows the response for optimal
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forcing and random forcing as a function of the largest Lyapunov exponent for a chaotic
shift map dynamics (see Appendix B).

If the unperturbed dynamics is of period k, i.e. y*) =y then the Jacobi matrix has
the same period, i.e. J®F) = J®  Hence J™ Jr+D ... Jot+k=1) i5 5 constant matrix and
the displacement dynamics (Eq. (3.1)) and the dynamics of the resonant forcing function

(Eq. (2.7)) have a period-k growth or decay:
dntk) — jtk=1) j(ntk=2) 1(n)q(n) (3.17)
and from Eq. (2.7)
Ftk) _ ((J(nJrk)J(nJrkfl) e J(n+1))T> - F® (3.18)

If {LM} are the eigenvalues of J®+k=1 jn+k=2) ... J( in Eq. (3.17), then the eigenvalues
of ((J("Jrk)J(”*k*l) e J(”H))T) B in Eq. (3.18) are {Eik))} = {l/Lgk))}. If we separate
the real and imaginary part, L* = |L¥|e®®) | and L¥ = |L¥|e®9!) | the absolute values |L¥|
and |L¥| represent the growth rate and Ak = |27/¢F| and Ak = |27/¢¥| the period of the
dynamics. Since Ef = ﬁe(_"z’f ), the resonant forcing function F(™ and the separation of
nearby trajectories €™ have the same period Ak = Ak, but inverse growth rates LF = 1/L¥.
F© is not necessarily an eigenvector of ((J("%)J(””‘*l) - J(”“))T>_l and some or all
periods of the displacement dynamics will show up in the dynamics of the optimal forcing

function, but no other periods will be present.

For system with only one variable ("1 = f(z(") 4 F(® the eigenvalue of M is (see Eq.

(3.3))

2 2 2
0 0 0 0 0
ﬂ:1+ 8_f + 8_f xa_f + -+ 8_f xa_f
Ly (N-1) Ly (N-1) L |y (N-2) L |y (N-1) L]y 1)
(3.19)
From Eq. (3.9) we obtain for the resonant forcing function
pmy _ 9F L 9 . 9f F-1) (3.20)
ox y(+1) Ox y(N—2) Ox y(N=1)

where FIN=1) = £ F/\/[i. The response to the resonant forcing function is R = \/iF. Figure
4 shows the resonant forcing function (Eq. (3.20)) and the displacement dynamics for a
chaotic logistic map dynamics "+ = 3.612M™ (1 — ™) + F™ for n = 0,1,--- , 14, with
the initial condition y® = 2(® = 0.34. The magnitude of the forcing function F' = 0.0001
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is small. With Eq. (3.19) we compute g = 1500. We find that the predicted response
R = 0.00387 is close to the numerical value R = 0.00378. Since the map is chaotic, nearby
trajectories diverge exponentially on average. The optimal forcing function decreases with

the same rate exponentially on average.

IV. COMPARISON WITH A SINGLE PUSH FORCING

Next we consider the iterated map dynamics with a single push forcing at the first time

step
f(x™) +FO ifn=0
() — &) (4.1)
f(x(™) else
N2
where F? = <F(0)> . We use the calculus of variations with Lagrange function L [17] to

determine the forcing function which yields the largest response R = (x(™) — y(™M)2 The

Lagrange function is

=z

-1
(F(o>)2 + kO (%0 — £ (x@) —FO) £ Y k™ (x+D) £ (™)) (4.2)
1

- R?
="
o+

N | =0

n

where k™, and it are Lagrange multipliers. The stationary points of the Lagrange func-
tion provide a necessary condition for the maximum response. At stationary points the
partial derivatives with respect to the components of the independent variables x(™ =
@™, 70 o 2y and FO = (FO FEO ... FY are equal to zero. L/9F™ = 0 for
n=0,1,---,N—1and 0L/0F” =0 yield:

(J(n+1))T kD) g (4.3)
ﬁF(O) —k© —
dL/97™ = 0 yields:
) _y(N) 4 (V-1 (4.4)

Next we assume that the forcing function is small and expand the Jacobi matrix about
the unperturbed dynamics to lowest order, i.e. J™ ~ (8fi/0x;)|ym. To lowest order the

difference between the trajectory of the driven system and the unperturbed system reads:

%)y () (N1 0RO (4.5)



With Eq. (4.3) we obtain

axN) —yW) — V=1 () (Ju))T . (J(N_1)>Tk(N_1)
_ <J(N71,1) (J(N71,1))T> kv-1)

With Eq. (4.4) this becomes
MKWV = _kWV-1) (4.6)

where M = JWN-1D (J(N*Ll))T is a symmetric matrix with up to d orthogonal eigenvectors
&;, where Mé; = fi€;, i = 1,2,...,d and & = 1. The corresponding eigenvalues ji; are
positive. The local Lyapunov exponents are \; = m In ji;. The eigenvectors of matrix
M are the solutions of Eq. (4.6) k-1 = +k(N-De, where k-1 = |kN-D| and fi = —[i;.
In the next few steps we will determine which solutions maximize the response. From Eq.

(4.4) we obtain
~ ~ 2
R = &M —yyz = (W—l)) (4.7)

Since we know that the final value of the Lagrange multiplier is k-1 = £k -De,, the

other values of the Lagrange multiplier are

kO — (Ja))Tl;(l) _ (Ja))T (J(2>)T1;<2> — (Ju))T (J@))T o (J(N—l))Tf{(N—l) (4.8)
_ (J(N—Ll))T ENV-1) — :|:|l~<(N_1)| (J(N—l,l))T &,

With this equation we determine |[k("=1] as a function of F?:

e () = () () < ) 6

(( J<N—171>)T1;<N—1>>T (( J<N—1,1>)T1;<N—1>> _ L <1;<N—1>>T AT

[i2
2~

i
— (i];(Nl)é)TM (:H;(Nfl)é) _ 1 (/;(Nl)>ZéTMé. _ 1 <l~€(N71)> s
2 & ? /12 1 1 /12 1

S (12:<N—1>)2 (4.9)
Hi

Hence (K(N-1)2 = 1,2, With Eq. (4.7) we find R? = [i,F2. Hence for the optimal forcing
the final value of the Lagrange parameter kN1 that is parallel to the eigenvector é with the
largest eigenvalue of M, ,ﬁ = max {/i; }, produces the largest response. The largest response
is

R=eWV-Dp (4.10)
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where ) is the largest local Lyapunov exponent. With Eq. (3.4) and Eq. (3.5) we obtain

FO 4L (JVD) 1§ (4.11)
exp (A(N — 1))
=+ il (J(l))T... (J(N*Q))T (J(Nfl))Té

exp (A(N — 1))

where é is the eigenvector that corresponds to the largest eigenvalue of M. Figure 5 shows
the response for optimal forcing and single push forcing as a function of the largest Lyapunov
exponent for a shift map where ay = 0.5, k = 0.2, f = 0.001, and N = 4. If the largest
Lyapunov exponent is greater than 0.5, the optimal forcing function decreases rapidly with
n (see Eq. (3.14)), and is similar to a single push forcing function.

In comparison, for random single push forcing F" = (FT(g), ng), e ,Ff’(;)) each compo-
nent of the forcing function is a random number with variance < (Fr(’?-))2 >= F?/d, with no
correlations < FT(E)FT(’(;)

Eq. (D.4) in the Appendix)

>=( for i # j. Then the expectation value of the response is (see

d
R? = (é > eWN—”) F? (4.12)
=1

Figure 5 shows the response to a random single push forcing versus the largest Lyapunov

exponent.

V. CONCLUSION

We investigate resonances of chaotic map dynamics. We study the response to forcing
functions with a fixed magnitude (see Eq. (2.2) and an arbitrary time dependence. The
stationary points of the Lagrange function (Eq. (2.4)) provide necessary conditions (Eq.
(2.5), Eq. (2.6)) for an optimal response. From these conditions we derive that the resonant
forcing functions complement the separation of nearby trajectories, i.e. the product of the
displacement of nearby trajectories and the resonant forcing is a conserved quantity (see Eq.
(2.12)). Consequently, when the displacement dynamics is periodic, the resonant forcing
function has the same period. Figure 4 shows that the resonant forcing function is irregular
if the displacement dynamics is irregular. Eq. (3.14) shows that resonant forcing functions of
chaotic systems decrease exponentially, where the rate equals the largest Lyapunov exponent

of the unperturbed system. A comparison with the response to random forcing indicates that
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the optimal forcing is particularly effective if the largest Lyapunov exponent is significantly
larger than the other Lyapunov exponents (see Eq. (3.15) and Eq. (3.16). Figure 5 illustrates
that the optimal forcing is only as effective as a single push forcing, if the largest Lyapunov
exponent is much larger than unity. In addition to system identification, resonant forcing
functions can be used to enhance the response to a periodic forcing functions, like noise may
enhance the response to a low frequency periodic forcing function in stochastic resonancel6].
If a system periodically visits the vicinity of the basin of attraction of a multi-attractor
system due to a low-frequency periodic forcing, then a small resonant forcing function can
push it across the boundary and thus fastly increase the response. The resonant forcing
function has the same effect as noise in stochastic resonance, but is resonant forcing are
probably much more efficient in ecreasing the response.

In the Appendix we discuss two representative two dimensional systems, the Henon map,

and a system with two coupled shift maps.

VI. APPENDIX
A. Resonances of the Henon map

For the mapping function

n+1 n n n
xi ) 1= a(xg ))2 + c:cg ) 4 Fl( ) (A1)
CE N b 4 ‘
2 1 2

For ¢ = 1, the Henon map [18] has two fixed points at 21 = (b — 1 £ /(1 — b)2 + 4a)/(2a)
and xo = bx; for a > ag = —(1 — b)?/4. One fixed point is always unstable and the other
is unstable if a < a; = 3(1 — b)?/4. For ap < a < a; the trajectories are attracted to the
stable fixed point. For a > a; the map has a period-k attractor where k increases with a
and becomes infinite at . G depends on b. For b = 0.3, Henon found a., =~ 1.06. For
(oo < @ < 1.55 the dynamics is chaotic with periodic windows. In addition the map has
more than one attractor with fractal basins of attraction for certain a-values. For example
for @ = 1.07 and b = 0.3 the two initial states (z\”,2%) = (1,0) and (1.5,0) go to different
limiting sets. The first initial condition goes to a strange attractor, whereas the second

initial condition goes to a period-6 attractor. For b = ¢ = 0, the Henon map becomes the
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logistic map. The Jacobian matrix is

—2axy”’ ¢
Jm = . ! . (A.2)
For N = 2 the matrix M is
M 1+ 2+ 4a?(2")?2 —2abalV (A3)
—2abz (! 1+0?
where xgl) =1- a(:vgo))Q + xgo). The largest eigenvalue of M is
1 2 2 2\ 2
p=g (240 4+ da? <x§1)) + \/b4 — 22 (c2 — 4a? <x§”> ) + (c2 + 4a? (:c§”) ) )
(A.4)
and the corresponding eigenvector of M is
5 _ () 2 O
é= (3, —4abxy ) /\/s + <4abx1 ) (A.5)

where

s=c®— b2+ 4a? <x§1>>2 + \/b4 — 2p2 (cz — 4q? <x§1>>2) + (c2 + 4a? <x§1)>2>2 (A.6)

With Eq. (3.6) we find

6=+ (s, —4abz{") (A.7)

and

FO =+ (—2azM (s 4 2b%), sc) (A.8)

\/ 2 (52 + (4ab:c§”)2>

s 2 2 | 2 o [ (D)2
R =5 240"+ c +4a <x1>+

\/ bt — 22 (02 42 <x§”)2) + (02 + da? (x§1)>2)2 (A.9)

With Eq. (3.7) we find
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The expectation value of the response is
2

F 2
R2:<7(2—1—b2—|—c 1 4q? x1> +

2
\/b4 — 2b? (02 — 4a? <x§1)> ) + <02 + 40L2

F2
2

2
(2+b2+c + 442 << (1) > +

m)*
bt — 202 | 2 —4a® < (xl ) > )+ (2 +4a? < :L‘ > (A.10)

2
where < (x§1)> > is averaged over the attractor.

~
~

2
For the logistic map [18], ie. if b = ¢ = 0 then i = 1 + 4a? (:cﬁ”) e = (1,0),
= & (F/v/7i,0), FO = % (~a2l F/V/fi.0), and

2
R= F\/l + 4a? (xg”) (A.11)

2
where (1) is a function of the initial condition xgo), ie. xgl) =1—-a ( §0)> . These results
are in agreement with Eq. (3.19) and Eq. (3.20).
B. Resonances of coupled shift maps
For the mapping function
5”“) mod(almgn) + k‘x(”) + Fl(")) B.1)
2t mod(aszS" + k'™ + F™M) .
The Jacobian matrix is
ay k
Jm = (B.2)
k (05}

where the function mod(x) returns the decimal part of z. a; and as are the growth

rates and k is the coupling constant. We assume that a; > ay > 0. The eigenvalues

of M™ are ,ugl/)Q = 0.5(a? + a3 + 2k* & (a1 + a2)\/(a1 — a2)? + 4k?) and the eigenvectors

2
e= (a1 —as+ /(a1 — a2 + 4k2,2k)/\/( (a1 —ay + /(ar — @) T 41@) FAR?). T > 1

the unperturbed dynamics is chaotic. Since J™ is symmetric and constant, the eigenvectors
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of the M are eigenvectors of M, and the Lyapunov exponents are \; /2= %ln u(ll/)z and

the largest Lyapunov exponent is A = ;. Hence

Me
N-1

_ (I + Z J(Nfl,n) (J(Nfl,n))T)é

n=1

=+ ()P ?)e (B.3)

With Eq. (3.5) we find

F = (Jor) o (V2T (VD) RN (NI g (B.4)

With Eq. (3.14) we find

(B.5)

If k=0 then iy = aj, p = 5—, & = (1,0), F™ = £(a] " 'F/V[,0) = (F©/a7,0),
where F(O = +4Y ' F/\/fi and

(B.6)

For k = 0 the system contains two decoupled shift maps, where A\; = In|aq;|, i = 1,2 is the
Lyapunov exponent of each map. The resonant forcing function is in the direction of the
map with the larger Lyapunov exponent. Hence if both maps have a positive Lyapunov
exponent and therefore both are chaotic, then the resonant forcing function forces only the

map which is more chaotic. There is no forcing of the less chaotic map.
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C. Several Proofs

Proof of Eq. (3.2):

x(N) — y () — pOV-1) . V=1 ¢ J(N—l))T FOV-1 4
JIN1) g (N=2) ( J(N—2>)T ( J(N—l))T FOV-1) 4

JO=1 g (Ju))T . (J(Nfl))T FOV-1)

FO-D L pyOp®-1)
MOAOFWN-1 L 4 pyyN-Dp®-1)

N-1
(I +> M(”)> FN-1
n=1

— MF(N*l)

Proof of Eq. (3.6):
F2— (F<N71>)2 i (F<N72>)2 4t (F<o>)2
— (F(N—1>)T (F¥1) 4+ (F(N—2>)T (F=2) ... ¢ (F(O))T (F©)
2

- () (B0 4 Y (B0 ()

((J<n+1))T (TN (J(N—1)>TF(N—1)>
= (FV-D)T (FOVD) 4

+ (Fuv—l))T JINZN ) gl J<n+1>)T ( J("+2))T...( J(N—1)>TF(N—1)

i
o
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Proof of Eq. (3.16):

4+ JWN=1) JIN=2)p(N=3) oLy (N JN 2) . J<1)F£0)>2 S—

r

—< (F(N_l))TFS,N_l) > 4 < (anN_Q))TM(l)FS"N_Q) > 4+

r

+ < (FS,N_S)))TM(2)F$N_3) >4 < (Fﬁo))TM(N_I)anO) >—

d
—< (FN-"NHIFWN-D > 4 < Z (FN=2e;)e) T MU Z (FNYe))e; > +
=1 =1
d
+ <> (FN e TM(Q)Z Ve)e; > +--- +
=1
d d
+ <) (FWe)e) MM N (Fe)e; >=
=1 i=1
d d d
=< Y FET2 > 4 <Y (FN e)e)” Y i (FN e e > +
=1 =1 =1
d
+ < Z ez e;) TZLLEQ)(F&N’r“)ei)eZ- >4+
=1
d d
+ <Y (FWee)” Y p" V(FVe;)e; >=
=1 =1
d o d
=Dt <D (FN e BN ey > +
=1 =1
d
+ < Z(FTN’:S)eZ-),uz JFENe) > 4 4
=1
d
+ < S FOe )NV (FVe) >=
=1
e ) (V-2) . 12
:W+<ZM" (Fy"ei)” > +
=1

d
+ < ZMSQ)(FﬁN e, P>+ < ZM(N 2 F(O)ei)2 >=

i=1 =1
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i=1
d d
1 2 N-3
AP S (o) + D u Y < (B
i=1 j=1
d d
DD
i=1 j=1
P 0P s o (Nl)F
=W+;ui m*;“i N +Zu =
d
Z w4 e V) =
=1
9 d
= g 2 (Ut p ) =
Nd &
F2 1_:“2
Ndl - 1 —

where e; ; is the j-th component of the i-th eigenvector of M )

Proof of Eq. (4.12)

R? =< (J(N—l)J(N—Q) e J(l)F£0)>2 S
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=< (F,E,O)))TM(N_I)Fs‘O) >

d d
=< Z((quo)ei)ei)TM(N’l) Z(Fﬁo)ei)ei >=
i=1 i=1
d
<Z F¢,)e;) Z#(N V(FOe,)e; >=
i=1

—< Z FOe) N "V (FOe,) >=
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1

o

magnitude F(n)/F, direction @™

time step n

FIG. 1: The relative magnitude of resonant forcing F(™) /F (squares) and the direction ¢ of
the resonant forcing function (circles) versus time for a chaotic Henon map dynamics. The scalar
product of the resonant forcing function and the displacement is a conserved quantity, i.e. F(™) .

d™ = constant.
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response R/F

0.6 0.8 1 1.2
parameter a

FIG. 2: The expectation value of the response to a resonant forcing function versus the parameter
a of a Henon map, where N =2, b =0.3, c=1, and F = 0.001. The squares indicate numerical
results. The continuous line is the theoretical value given by Eq. (A.10), where the expectation

(1)

2
value < (ml ) > is computed numerically.

22



N
o

T

response R%/F?
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Lyapunov exponent A 1

FIG. 3: The response R?/F? to a resonant forcing function versus the largest Lyapunov exponent
A1 = ) of a shift map, where N = 4, as = 0.5, £k = .2, and F = 0.0001. The squares indicate
numerical results. The continuous line is the theoretical value given by Eq. (3.15). The dashed
line is the expectation value response to a random forcing function (Eq. (3.16)) and the x-labels
indicate numerical results. This figure illustrates that the optimal forcing function is particularly

efficient if one Lyapunov exponent is significantly larger than the others.
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force F(n)/F

o,

L) 41
—0.5+1 displacement d™*

displacement, force

_1 I I

0 5 10 15
time step n

FIG. 4: The resonant forcing F(") (circles) and the displacement of two neighboring trajectories
dt1) (squares) versus time step n for a chaotic logistic map dynamics. This plot illustrates that
the resonant forcing complements the displacement of neighboring trajectories of the unperturbed
system, i.e. FMdM*tY) = copstant. When the magnitude of the displacement is large, then the

magnitude of the resonant force is small, and if the displacement is positive, the resonant force is

negative.
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Lyapunov exponent A 1

FIG. 5: The response R/F of a shift map to an optimal forcing function versus the largest Lyapunov
exponent A = Aj, where the continuous line is the theoretical value (Eq. (3.15)) and the bullets are
numerical values. The dashed line is the response to an optimal single push forcing (Eq. (4.10))
and the plus markers are numerical values. For small Lyapunov exponents the responses to the
optimal forcing is by a factor of five larger, whereas for large Lyapunov exponents the difference
in the response decreases to a few percent since the optimal forcing function becomes similar to a
single push forcing function. The dotted line is the response to a random single push forcing (Eq.

(4.12)) and the cross markers are numerical estimates of the expectation value of the response.
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