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Abstract nomenal(14). Somewhat less studied are system iden-
tification via resonance curves of nonlinear systems (7)
We study resonances of multidimensional chaotic mapd periodically driven chaotic systems|(11). An area that
dynamics. We use the calculus of variations to deteéras received much less attention is resonance phenomena
mine the additive forcing function that induces the largest nonlinear systems due to aperiodic and chaotic forc-
response, that is, the greatest deviation from the unpag functions|(8). Plapp and Hiibler (10) and others (13)
turbed dynamics. We include the additional constrain&ve used the calculus of variations to show that a spe-
that only select degrees of freedom be forced, corresposidd class of aperiodic driving forces can achieve a large
ing to a very general class of problems in which not all @nergy transfer to a nonlinear oscillator. Such nonsinu-
the degrees of freedom in an experimental system are ggidal resonant forcing functions yield a high signal-to-
cessible to forcing. We find that certain Lagrange multhoise ratio which can be used for high-resolution system
pliers take on a fundamental physical role as the efficiengigntification (2). In a recent paper, Foster, Hubler, and
of the forcing function and the effective forcing experibahmen|(4) explored resonant forcing of chaotic map dy-
enced by the degrees of freedom which are not forcedmics in which every degree of freedom in a multidi-
directly. Furthermore, we find that the product of theiensional system is forced.
displacement of nearby trajectories and the effectivd tota
forcing function is a conserved quantity. We demonstrateln this paper, we present a methodology for determin-
the efficacy of this methodology with several examplesing the resonant forcing of a multidimensional chaotic
map in which only select degrees of freedom are forced.
This is motivated by the difficulty or impossibility of forc-
1 Introduction ing all of the degrees of freedom in certain experiments.
For example, consider the forced one dimensional Heénon
Sinusoidally driven nonlinear oscillators have beenap with a delayx("? :l—a(x(“))2+cbx<“‘1>+F(”).
widely studied in contexts ranging from synchroniza-his can be written as a two dimensional system with no
tion (3) and nonlinear response phenomenal (9; 12)delay, but then only one of the two dimensions is forced,
stochastic resonance (€; 1) and nonlinear transport pberresponding to the presence of BfY term but the
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absence of afr(™ term. Therefore, the method weare forced. Thus we will require that
present may be applied to a very general class of prob- )
lems. In practice, the calculations necessary to determiné(n) fori=1,...,dyandn=0,1,...,N—1.

the optimal forcing are simpler than in the case where all )
degrees of freedom are forced, particularly if only one dg€he Lagrange functioh used to determine the forcing
gree of freedom in a high dimension system is forced. Wnction that produces the largest respoRsg
show analytically that the resonant forcing functions are N1

closely related to the unperturbed dynamics of the system| _ §+ {u(n) [X(n+l) _ f(X(n)) _ F(n)}
in that the product of the displacement of nearby trajecto- 2 nZO

=0

)

ries and the effective total forcing function is a conserved A u (5)
i i i } _Z F(ﬂ))z_ F2| _ A WiSW

quantity. Furthermore, we find that certain Lagrange mul 2 {( Z Vi B

tipliers take on a fundamental physical role as the effi- =1

ciency of the forcing function and the effective forcing ihere A, {y(ln)’ o Vé:)}, and {uin)’uén)7 3 .7uc(jn)} are

perienced by the degrees of freedom which are not forq_eéjgrange multipliers an@ is a constant. We seek sta-
directly. We demonstrate the efficacy of the methodolo%nary points ofL corresponding ta?L/dxi(”) —0 and

with several examples. (3L/0Fi(n> =0forallnandi =1,...,d. These equations
of motion yield:

2 Resonant forcing of select degrees (AT sty — g ©)
of freedom AFM 4y ar™ = o, @)

We begin with the iterated map dynamics whereJi(j”) = (91i/9%)) |, is the Jacobi matrix evaluated
D) N atx(". We have also defined the vecfdP) = 3% | yj(n) &,
X = (V) +F", 1) whereg; is the unit basis vector in the directionxt The

superscripfl indicates the transpose operator. &3P

wherex(™ e RY denotes the state of thledimensional - .
we have the additional equation

system at theith time step, witm=0,1,...,N—1 and

F(" € RY denotes the forcing function at time stepThis xN) —yMN) 1 (N=1) — g, (8)
system had degrees of freedom. We define the total forc- . )

ing effort to be the magnitude & We now define the quantity

N . GMW = L M. 9)
F= F . 2
nzo( ) @ after we eliminate the vector Lagrange multipliers
{n©, ..., uN-U1 the equations corresponding to the
Given the corresponding unperturbed systgth™™) = stationary points of Eq[I5) reduce to the same form as

f(y™) with y© = x© we define the final response aghen all variables are forced [Séé (4)]:

the deviation from the unperturbed dynamics -
(J(n+1)) G(n+1) — G(n) (10)

R= (xN —yM)? (3) XNy = pgN-D). (11)

We require that &< d, < d degrees of freedom be un-Accordingly, we identifyG as the effective total forcing
forced. Without loss of generality, we choose to order tifignction; it reduces to the optimal forcitgwhen we re-
variables so thaty, ..., xy, are unforced angy ;1,...,X4 move the constraint in Ed.1(4). We identify the Lagrange



multipliers { ", ... yé:)} to be the effective forcing expe-! is the identity matrix and

rignced by the degrges of. freedgnfior which Fj(”) =0; Q=rN-1 | JN-DF(N-2) |, (‘](N*n N -J<1))r<°).

this changes the trajectories of these degrees of freedom (16)

via the coupling inf rather than direct additive forcingUsing Eq. [T1), we obtain

via F. The control is stable if, on average, the displace- ’

ment of nearby trajectories decreases. Consider a tra- MGN-D _ o = AcN-D, (17)

jectory given by Eq.[{1), and a nearby trajectory given

by XY = f(x(™) + F™, wherex and% are related by Eqs. [2), [#), [(1I7), and{10) form a complete system

e = x™ — % |If we Taylor expand (x) for smalle, of equations whereby the unknown forcing amplitudes

we obtain {Fi(0>,...,Fi(Nfl>} with i = (d,+1),...,d and Lagrange
gD — g g, (12) multipliersA and{y!”,...,y"" Y} with j=1,...,dy can

be uniquely determined. At this point it is possible to

Multiplying both sides of the t fEQI10)y, . :
Hpying both sices ofthe franspose o )y write the final response in terms of the total effort:

we have
(G(n+1))TJ(n+l)£(n+l) — (G(n))Tg(nle). Using Eq. [IR), R _ A FZ; (18)
this becomes
the details of the proof are in the Appendix [see Eq] (58)].
(13) ThusA is the effective efficiency®2/F2 of the forcing
function. One approach to solving this system of equa-
tions is to treat Eq[(17) as an inhomogeneous eigenvalue
problem. To find the optimal forcing, we first find the
GO . g =p_gh. gD (14) eigenvectors{vy,...,vq} and eigenvalueg; of the ho-
mogeneous problertM — A1)GN-Y = 0. Then we can
and note thaP depends on the observablesaind F as build the inverse; = (M — A1)~

(G(n+1))T8(n+2) _ (c;(f1))Tg(“+1)7

a quantity that is invariant for all. We define this to be
the conserved quantify:

well as the Lagrange multipliefs, which we have iden- T

. . Lo . . ViV

tified as the effective indirect forcing of certain degrees Hy = Z L (19)
of freedom. This further reinforces the idea tatepre- Ehi—A

sents the effective forcing experienced by the system, tak- | . . . .
o g. P . : y y in which A is not yet determined. Then the solutions to
ing into account the coupling via As in the case where

all degrees of freedom are forcd®ljs conserved even if the inhomogeneous problem are
the unperturbed dynamics is chaotic or periodic. GN-Y —H,Q. (20)

2.1 Resonant forcing functions with small Eq. (10) can then be used to build a set of equations

magnitude M — (J<n+1>)T .. (\](Nfl))THAS’L n=0,....N—2

For weak forcing, we can iterate EqQJ (1) and Taylor e>\5\;hereb A EM) ) ) (_21)
pand for smallF. We obtain [see Eq[($6) in the Ap- y_ ' ar?dr cgn be determined for aliwith-
pendix] out matrlx |nver5|on.. Th|s.method allows a natural con-
nection to the case in which all degrees of freedom are
forced, that is,dy, — 0 in Eq. [4). For this caseQ =
where we have defined M I + 0 and Eq.[(Tl7) reduces to the homogeneous eigenvalue
N-1JN-D . g(N-m (JN-m) T (JN-D)T \where problem (M —A1)FN-D — 0 with solutionsF(N-1 —

xN —yN — MmNV _q, (15)



{v1,...,vq}, each corresponding to an eigenvalyeFor we can write the solutions to EQ.(17):
the homogeneous case, if we det= max{A;} to be the

1

largest eigenvalue d¥l then Eq. [(IB) holds and the La- A= §(1+ a’+ k2 — B, (26)
grange multiplie’A assumes the same meaning as in the
) . . 0) 1 2 a2 (1)
inhomogeneous case, namely, the effective efficiency of Vo = _j((lJFa — 3k JrBﬂt)':z ) (27)
F. 1

Y=o (14 212+ )FRY, (28)

©o_ 1 22 (1)

Fl=——(1-a"—k+p)F,". (29)

3 Examples 2 =l ?

Using the normalization condition in Ed.](2), we can de-
3.1 Resonances of coupled shift maps termine the magnitude &% ":

We consider the mapping function for coupled shift maps: ED 2aF
422+ (1—a2— K2+ B.)°
X(1n+1) B mod(ax(ln) I kxg")) . Fl(n) \/ ( Bi)
x<2”+1> - moc(ax(zm + kx(l”>) |:2(”> We use Eqs[{18) anf{26) to find the final response
22

(30)

and require that only; be forced, that isF," = 0 for Ez == }(1+a2+ k?—By). (31)
all n. Accordingly,r ™ = y{M&;, where we have defined F 2
y = y1. Since the Jacobi matrix From this equation it can be shown ttfat gives the min-
imum response whilg_ gives the maximum response.
30—y ( a k ) _gT (23) For the special cask — 0, corresponding to the case
a k a of two uncoupled shift maps where one is forced but

the other is not, the response reduces to the simple form
is symmetric and constant, the eigenvectorMadior any RZ/FZ — 1+ a%. We may also compare the effectiveness

N arevy = (i;/\}/;) We denote the two eigenvalues obf only forcingx; to the effectiveness of forcing bott
M by A=, with A, > A_. Because of the nature of thetndX2. This corresponds to removing the constraint in

eigenvectors, we can always writeexplicitly: Eq. (4) and haVing/j(n) =0 for all j andn in Eq. ().

We will mark solutions of this system with a-§ to avoid

AT A confusion with the selectively forced system. Tidus E

M= ( A AT > ’ @4 and Eq. [IV) reduces tFN-Y = AFN-D_ We solve

this system to find as well as the individual components
where we have defined the quantitles = (A, =A_) /2. of F for each timestep with = 2:

It can be shown that faK = 2° with b € Z*, the eigen- ~ 2
values ofM are AL = P, {14— (a+ k)zl]. As an ex- A =1+ (akk)” (32)
ample, we sefN = 2 so that the eigenvalues o are F% = —(ax k)zeu)v (33)
As =1+ (a+ k). Likewise, we findo = (2" EY =+, (34)
using E_q. [IIE). Fr(olgn Eq[14) we impose the additional IEZ(O) — (a+ k)ze(l), (35)
constraintd; "~ = F; = 0. If we define

I (36)

Br=+\/(1+ad?+ 2@ 1) +k,  (25) 2+2(atk)”



Note thatf" + y(: the effective indirect forcing ok 1.3

when onlyx; is forced is not simply equal to the optimal
direct forcing ofx; when bothx; andx, are forced. Using /¥
Eq. (I8), we can calculate the final response: -

x 2
o5 = A =1+ (at k), (37)

where as before, the+) sign in front ofk corresponds 03, 5 10 s 20

to a maximum final response far> 0, while a(—) in a

the same position corresponds to a minimum final re-

sponse. We will assurmee> 0 and usé+) henceforth for Figure 1: The ratio of final responsg&versus the param-
these results. This quantity also reduces tod when etera for the same total effofe = 0.001 anck = 0.3000.

k — 0. To compare the effectiveness of forcing only oreor a > 0 andk + 0, the final response is greater when
degree of freedom to forcing both, we assume that the ith degrees of freedom are forced (corresponding to
tal forcing effortF is the same in both cases, then use > 1). Note thaE2 — 1 asa— o ork — 0.

Egs. [31) and (37) to obtain the ratio of final responses:

~ ~ we obtain
L R 3 21+ (atk) 8)
T TR A 1+@+K+B —F
+a‘+ke+ B (G(l))TJ(l)g(l) _ Zazk [a(1+a2—3k2+ﬁi)g§1)
Note that=2 — 1 ask — 0. We plot Eq.[(3B) in FigJ1 +k(1—a2— k2+B¢)£§1)] —p
for k = 0.3000. Notice thaE? > 1 for all a; that is, for (40)

the same total efforfe, there will always be a greater fi-
nal response if all the degrees of freedom are forced. Thising Egs.[(27) and.(29), for the right hand side we find

is reasonable, given that when bothandx, are forced 1)

there is a more uniform flow of energy into the system(G(O))Tgﬂ) - —F [a(1+a2— 3k2+B¢)€£l>

than when only; is forced andx; is passive. However, 2ak

=21 for smalla and=2 — 1 for largea. SinceR? is +k(1-a%— k2+3i)8§l>} =P (41)

on the same order of magnitudeR& for certain exper- ) )
hus for the coupled shift maps with = 2 we are able

imental situations it may be sufficient (and presumabtg Wticall ity thal | q ity N
easier) to build an apparatus in which only one degree ganatcaty verify thaP is a conserved quantity. Now

freedom is forced rather than all. Far< 0, we choose consider a coupled shift map with= a driven by a forc-

the (—) sign beforek in Eq. (37). The result is the samei'ng function that is described by EqB.129) aid| (30). The

=25 1 for small negativa but =2 — 1 fora— —e, response curve as a functionatan by found by starting
B . - ) _with Eq. (3) and iterating Eq[{1):
Furthermore, for this system we can explicitly verify
(T2 — (cONT (1) — i 2 2

Eq. (13):(G) ¢® = (G') '™ = P. Using Eq.[1D), R = K [FV]%+ [aoF Y + RV, (42)

we can write this as
where Fz(0> and F2<1) are functions ofa as given by

(GD)TIWe® — (GO T, (39) Egs. [29) and{30), respectively. We plot Eg.]1(42) as a

function ofain Fig.[2. In the same figure we plot the re-

Using Egs.[(2B) and{23), for the left hand side of Eq] (38)lts of a numerical simulation in which the final response



25 ; ; - ' while for N = 2 the matrixM is given by
at B
F v 1412 —2abxY )

o 2 7 “““m,m% | —2abx? 14+c2+4a2(x")? )
R J o
F 15l | wherext? ~ yi? = 14+ o? —a[xY]?. Using Eq. [T6),

/ we findQ = ( *@3 ). We now define

1 i L n i L
0 1 2 3 - 5 a= 2a[1+ o — a(x(zo))z] , (46)

Bo=+\ot+202(a2— 1)+ (1+a2)?  (47)
Figure 2: Shift map resonance curve for final response
RZ/F2 versus the parameter The total effort isF — S With the coupled shift maps, solving EqB.](10) and

0.001 and the other control parameters age= 0.6000 (L7), and[(#) simultaneously yields the following:

andk = 0.3000. The maximum of the curve is at= 1 > 9
ap within machine precision. The solid line indicates the A= §(1+b ta +Bi)’ (48)
analytical expression given in Eq._{42) and the triangles YO = ch(l), (49)
indicate the results of a numerical simulation vwiﬁW = y 1 5
x3’) = 0.1000 as the initial condition. W= b (107 + o~ Bo) ;" (50)
1
Ry = 5o (16— a®— By) ;Y. (51)

is found by using:éo) and Fz(l) as the forcing functions
and iterating the system for two time steps. The initi
condition used ix(lo) = x§0> = 0.1000 and the total effort
is F =0.001. O _ 2aF

\/4012+ (1-p2—a2-B)?
We can also use Eq$.(18) afdl(48) to find the final re-

édsmg the normalization condltlon in Eq.J(2), we can de-
termine the magnitude (Ffz

(52)

3.2 Resonances of the one dimensional
Hénon map with delay

sponse
The forced Hénon map with delad™ = 1—a(xV)?+ R _ A= (1+ 0%+ a2+ Be) (53)
cbx(™V + FW can be written as the equivalent two- F2
dimensional system From this equation it can be shown tiflat gives the maxi-
mum response whilB_ gives the minimum response pro-
X(l”“) bX(Z”) |:1<”) videda > 0. Now consider, as with the coupled shift map,
Xgn+1) 1_ a(xgn))z—kcx(ln) Fz(n) a Hénon map described by E§.{43), only with— ag.

(43) Then We can find the final response as a functioR, S

and require that only, be forced, that isFl(n> =0 for andF by starting with Eq.[(B) and iterating E{ (1):
all n. Accordingly,r ™ = y{M&;, where we have defined

2
Y = 1. The Jacobi matrix is R =b?[F%)%+ {Fz(l> —agFy” [Fz((’) +2+20x —2a0(x(20>)2] } :
(54)
Jm — 0 b ) (44) where FZ(O) and F2<1) are functions ofa as given by
c —2ax;n) ' Egs. [B1) and[{32), respectively. We plot EQ.1(54) as



a function ofa in Fig.[3. Since we use the approx-

imation x(zl) ~ y;” in Eq. (45), we are able to solve

Egs. [10), [(1I7), and{4) analytically. With this approx- .
imation and withag = 1.1000, theR? has a maximum 6l e Ss s E s s as s sesssETaE,
at a = 1.0991. If instead we substitute the exact ex- ]

pression” = 1—a[x]* + oxt” + R, into Eq. [45), R—z, 40y

it is possible to solve Eqs[_(ILOY,_(17), arid (4) numeri- E :

cally for Fz(n). Then we recover the expected maximum 23

ata= 1.1000. Furthermore, we find that fér= 0.001,

at maximum the numerical solution of the exact system 00 1% 3.0 45 6.0
givesR?/F? = 6.8215, while the analytical approximate 6.34

solution givesR?/F? = 6.8118. This is consistent with

the claim that the methodology presented in this work will

give the maximum response for a fixed effort. Since any , 6.82
forcing other than the exact solution should be subopti- o a0 aasdttttag, O
mal, we expect a smaller final response when any approx- 6.80 LI 4 «, 4
imations are used. o s b

DDDDDDDDDDDD

|x
O
m]
0
u]

6.78
0.9 1.0 1.1 1.2 13

4 Conclusion

We study resonances of forced multidimensional chaoﬁ%ure 3: Hénon map resonance curve showing final re-
map dynamics. We constrain the total forcing effort to %onseRz/Fz versus the parametar The total effort is
fixed [see Eg.[(2)] and seek the forcing function whicp _ 0.001, the other control parameters age= 1.1000
produces the largest response [Hd. (3)], subject to %&k — 0.3000, and the initial conditions axéo) :X<20) —
additional constraint that certain degrees of freedom &€ 000. The solid line indicates the analytical expres-
not directly forced [Eq.[(4)]. To determine this forcsjon given in Eq.[[54) and the triangles indicate the re-
ing function, we seek the stationary points of the Layts of a numerical simulation of the simplified system
grange function [Eq.[{5)] and thereby obtain equatiof)$ \hich the Jacobi matrix of the driven system is ap-
which determine the dynamics of the forcing function [Sepﬁoximated by the Jacobi matrix of the unperturbed sys-
Egs. [10) and (11)]. From these equations we identify thgn  The boxes indicate a numerical simulation of the
effective total forcing to be a vector comprising the diregt, ¢t system. The approximate analytical result and the
forcing and the Lagrange multipliers that represent the %bproximate numerical simulation curves have a maxi-
fective indirect forcing of certain degrees of freedom [S@g,m ata — 1.0991. The exact numerical simulation has
Eq. (9)]. We demonstrate that the product of the effegmaximum an= 1.1000, which is the expected peak for
tive forcing and the displacement of nearby trajectories;jgis system. (a) shows the full range of the experiment,
a conserved quantity [Ed.(14)]. In the case of small forg-< 4 < 6.0, while (b) shows in detail the region near the
ing, we show that another Lagrange multiplier represeftg,ximum for all three curves. (b) shows that the exact

the efficiency of the forcing function [see E@. [18)]. IResylt has a greater maximum response than the approxi-
the limit that we set the number of unforced degrees gfyte results, as expected.

freedom to be zero, all of the results reduce to the homo-
geneous case. The methodology presented can be applied



to a very general class of problems in which not all of the
degrees of freedom in an experimental system are acces-
sible to forcing.

We demonstrate the effectiveness of the methodology
with several examples. We compare forcing one degree of
freedom in a system of two coupled shift maps to forcing
both degrees and show that the final response is greater
but on the same order of magnitude when both are forced
[see Fig[ll]. We present a resonance curve for the coupled
shift map in Fig[2 and verify explicitly that the optimal
effective forcing complements the separation of nearby
trajectories [see Eqd._(40) arid41)]. We also apply this
method to a forced one dimensional Heénon map with a
delay [Eq. [4B)], a problem which cannot be solved us-
ing the homogeneous case in which all degrees of free-
dom are forced. We solve for the optimal forcing function
analytically for two time steps by approximating the Ja-
cobi matrix of the forced system by the Jacobi matrix of
the corresponding unperturbed system. We also solve this
system numerically without approximations and demon-
strate that the exact solution reproduces the correct peak
in the resonance curve and has a greater final response at
maximum [see Fid.13]. Thus we show that the method
may be used for system identification. In the future we
plan to compare the effectiveness of this methodology for
system identification to that of other methods such as pe-
riodic driving (11) and coupling a test system to a virtual
model with tunable parameters (5).
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6 Appendix: Proofs

Proof of Eq. [I5): Using EqL(10) and|(9),

F(N-n) _ (J(an+1))T [F(N—n+1) + |—(an+1)} _r(N-n)
_( (N— n+1) {(JN n+2) [ (N— n+2)+|—(an+2)}|—(an+1)}
n+1) )

( (N—

_( (N n+1)) ( (N n+2)) (N n+2)

T|— (N-n+1) _ (N-n)

+ (J(N7n+1))T (J(N7n+2)) r(N-n+2)
. (J(N7N+1))T|—(an+1) + (J(an+1))T|—(an+1) _r(N-n)
_ (J(N7n+1))T (J(N7n+2))T [F(N7n+2) + r(N—n+2)] _(N-n)

F(N-n) _ (J(N*n+1))T e (\](Nfl))T [F(N—l) + |—(N—1)} —r(N=n)

Using this result,

x(N) _yN) — E(N-1) | g(N-DE(N-2) | J(N-1) j(N-2)E(N-3)

4o JN-D L gOEO)

_ [F(Nfl)_’_l—(Nfl)]_i_J(N 1( )T[FN 1) _H—N 1)]_’_”.

+IJIN=D1) 5@ (J(l))T ( )T [F(N- (N-1)]

{rm 1) 4 gN-DF(N- 4 [N ]rm)}

XN _yMN N1 _ g

(55)

(56)



Proof of Eq. [18):
F2 — (F(Nfl))TF(Nfl) + (F(N*Z))TF(N*Z) NI (F(O))TF(O)

- [(Gmfl))T _ (r<N71>)T} [Gmfl) _ r(Nﬂ)]

T [(G(N 2 T} [G(N 2) _(N- 2)}
+...+[(G<o —(royT {Gm r<0}
CINT
- (G(N 1)) Gc(N- (G(O) c©
_(G(N 1))T|-(N Dy +(G( ))Tr(O)
_ (r(N*1>)T(3(N*1) I (r(o))TG(O)
+ (r(Nfl))Tr(Nfl) I (r(o))Tr(O)
- (G(Nfl))TG(Nfl)

N-2

4 ZO{(G(N*Q)TJ(N*D...‘](N*n) (‘](N*"'))T... (‘](N*D)TG(N*”}
n=

— (GN-IYT [rmfl) L IN-DEN-2) ¢y g(N-D) .J<1>r<0>]

— (rN-1yT [Fm—l) i r(N—l)] 4ot (FOYT [Fw) n r<°>}

N-1

+y [r™)?
n=0
= (N TMGN-Y — (GN-D)To - Nfl[(rm))TFm)} (57)
n=0

— 0 and for alli such thaf,") = 0, the corresponding™ # 0 for

For all j such thaFJ-(n> £ 0, the corresponding(n>
L[(r™)TEM] = 0. Thus, beginning with Eq[{57) and

all n. Thusr (" is always orthogonal t&("); thereforey

using Eq.[(17),
F2— (G(Nfl))TMG(Nfl) _ (G(Nfl))TQ

= (G(Nfl))T [MG(N—l) _ Q}
—A (G(Nfl))TG(Nfl)

RZ = AF2. (58)

Here we have used Eq4] (3) afdl(11) to witfe= /\Z(G(Nfl))TG(Nfl).
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