Helvetica Physica Acta 0018-0238,/89/030339-04$1.504+0.20/0
Vol. 62 (1989) (c) 1989 Birkhiduser Verlag, Basel

Transformation to Normal Time for the
Calculation of Poincaré Maps in a Closed Form

A. Wandelt, W. Eberl*, A. Hiibler, E. Liischer
Physik-Department E13, D-8046 Garching

Abstract

The calculation of Poincaré maps can be simplified by introducing a special rescal-
ing of the flow vector field, namely the transformation to normal time. If that is done
in an appropriate way, one can calculate the Poincaré map analytically.

1 Introduction

Oscillators with marked nonlinearity represent good models in various fields of physics.
In many cases these systems have a smooth short-time behaviour but complex long-time
dynamics. Mostly these equations cannot be solved in a closed form. On the other hand
these systems can be effectively described by stroboscopic maps or Poincaré maps. For
several problems it was shown that the dynamics of the continuous system is strongly
correlated to the dynamics given by the corresponding map [2].

In this paper we present a method to calculate the parameters of a Poincaré map from
the corresponding differential equation analytically. Recent studies by Wackerbauer et al.
[1] have shown that it is possible to calculate a stroboscopic map from nonlinear ordinary
differential equations in a closed form. However, in many cases the stroboscopic maps are
too complicated for an effective description of the dynamic system. This is due to the
coupling of frequency and amplitude of the oscillating system. This coupling is a general
feature of nonlinear oscillators [3). Due to this, Poincaré maps are independent of the
amplitude frequency coupling and therefore for systems with a large amplitude frequency
coupling sometimes essentially smoother and simpler than stroboscopic maps.

Recently it has been shown that for a large variety of oscillators an appropriate trans-
formation, the normal time transformation, can be used in order to decouple amplitude
and frequency. In this case stroboscopic maps are special Poincaré maps and are much less
complicated. It should be now possible to calculate Poincaré maps by using algorithms
designed for calculating stroboscopic maps and an expansion of stroboscopic maps with
respect to the initial condition of the state variables should converge quickly. However this
is not the case since the scaling function proposed in [4] was not continuous.

In this paper we present a new transformation for the decoupling of amplitude and
frequency where the transformed flow vector fiels remains continuous. For linear oscillators
amplitude and frequency are decoupled. Hence we propose a transformation that forces the
angular velocity in phase space to be equal to that of a damped harmonic oscillator.
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2 Transformation to normal time

For a two dimensional system of ordinary differential equations # = F(Z) the angular
velocity in phase space is given by

Fyzy — Flz,
z1? + z2°

For higher dimensional systems, z; and z; are two particuliar state variables that must
be chosen conveniently. If it is possible to determine an appropriate Poincaré surface, it
should also be possible to select the corresponding variables.

Multiplying the flow vector field by a scalar function s(Z) does not change the geometry
of the trajectories. Choosing s = 1/|¢| one yields a constant angular velocity for the
rescaled system. The disadvantage of that choice is that there is a singularity at & = 0. In
order to calculate a Poincaré map it is only necessary to set the period of the system to a
constant value.

Therefore we suggest to choose s = |@# /|, where
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z2 + yzy7e + Wil

Ny =
z,? + z5?

is the angular velocity of a damped harmonic oscillator with damping constant ~ and

frequency w {1 — ( ) To obtain a continuous scaling function one must choose v and w

as follows:
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Fig. 1 shows the effect of the transformation applied to the Rassler-System

&) = —T3 — T3 Ty = T1 +axy; T3 = b+ z3(z1 — ¢).

3 Solving the rescaled equation

Using a numerical method like in [4] one can obtain the Poincaré map well approximated
by a power series with only few nonzero coefficients:

|+3 4

Iny1 — Z ai,j Iln

5,5=0

where z1, = nth cutting point of the trajectory with the Poincaré surface and a;,; represents
a calculated coefficient.

The dependence of the map on z3 is neglectible because the calculated coeflicients are
much smaller than the leading ones.
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Figure 1: Discrete trajectories of the Rossler attractor projected in the (i, z2)-plane. The
left picture was calculated from the original equation with @ = 0.2, b = 0.2, ¢ = 4.75. The
time between two points is At = 2£. The right picture was calculated with the rescaled
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equation for the same parameter values by using the exact rescaling s = [_IQ"”_II:'}::‘_IGTii“]I!

and At = Z(1 — 0.2542)77 .
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Figure 2: 60 numerical integrations over At = 27 of the rescaled system of the van der Pol
Oscillator &; = x4, &3 = —z; + 0.1(1 — 2,%)z3; (x): using the exact rescaling s;(+,0): using
the approximated s = —1+0.1z,+0.1(z; — 1}z, — 0.04(z1 —1)z2* — 0.04(2, — 1)2z,? with the
expansion point (1,0); (+): setting z; := 0 after each intcgration; (0): zy 1= Vz 2 + z2?
and 3 := 0 after each inlegration.
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iy Giy iy b3y iy Civiy
00 1.5213 2.6885 1.016
01 -5.5401 -1,.8331 -0.089
02 3.2582 1.5343 0.450
03 -0.5292 -0.0383
04 -0.0521
10 | -1.2041 1.6430 1.137
11 19245 2.1822 1.028
12 -0.0138 0.1769
13 | -0.3360 _
20 0.1712 | 1.1403 0.615
21 0.1313 0.2795

22 -0.4691
aa -0.0442 0.1107
31 -0.2769
4 -0.06+48

Aan | 39-107°[38-1077 | 5.2-1077
As | 92-10°%[77-107%[15-10°7

Table 1: Coeflicients of the Poincare map for tiie Réssler syt with a =5 — 0.2

Another way is to use an analytical method that las already been developed [1]. For
this algorithm it is necessary to represent the flow vector field as a polynomial. This can be
reached by expanding s into a Tavlor series arouidd an appropriate point on the Poincaré
- surface. The deviation due to neglecting higher terms than second order are relatively small

(Fig. 2).
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