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THE DESCRIPTION OF OOMPLEX DYNAMICAL SYSTEMS BY SIMPLE MAPS
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Physik Department, Technische Universit&t Miinchen
D-8046 Garching FRG

Abstract: The dynamics of nonlinear systems can often be represented by a
simple map, which maps the state vector x(t) at the time t into the state
vector x(t+T). A method to calculate an analytic expression of such a map
is to integrate the appropriate differential egquation (deg.) on a special
grid scheme and to approximate the resulting field by a power series. If
special transformations of the deq. are used, the polynom appraximation has
only few non zero coefficients.

1. Introduction

Oscillators with marked nonlinearity and chaotic solutions represent good
mathematical models in various fields of physics /1/. In general these deq.
are not integrable but can be simulated numerically. Nevertheless the
essential properties of the dynamics can be described by maps (Poincare and
stroboscopic maps) /1/. These maps can be much simpler than the appropriate
differential equation. They can easily be solved numerically and are mathe—
matically well examined /2/. For the motion of planets and in other systems
it has been proved, that the topological structure of the trajectories of
the continuous system and the appropriate maps are correlated /3/.

2. Description of the method

A map of a deq. é=£(§) (whereby x is the state vector and £ the n -
dimensional flow vector) is defined by g(l(t),'r(z(t))=_>g(t+'1‘). It maps the
state vector x(t) at the time t to the state vectcr x(t+T), whereby
T=T(x(t)). If T is a constant, S is called stroboscopic map, where T is
typically of the order of the characteristic time scale of the system. For
Poincaré maps only those initial conditions are noticed which lie on the
Poincaré surface and whose appropriate trajectories penetrate the Poincaré
surface in a particular direction. The interval of time T is chosen in such
way that the same trajectory penetrates the Poincare surface in the same
direction again /1/.
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A stroboscopic or a Poincaré map of a nonlinear autonomous system x=f(x) is
investigated in three steps: (i) The state vector x is linearly transformed
to a state vector z=Ax+b in such way, that the region of interest, e.g. the
surroundings of an attractor, is covered by the region I = (z/ -1 < z; <1
/i=l...n)' (ii) The map is numerically integrated over the time interval
T(z,) for those z,€ I which correspond to pa}'ticular abscisses /4/.
(iii) By help of Tschebyscheff or Legendre polynoms a polynom approximation
of degree p for the stroboscopic map S is calculated /4/:

oo » i
Si(z ,T) = Z Bjsitsingemin H z*
i1iin=0 i=1

There are in particular two methods to obtain maps which can be described
with few non zero coefficients 34,1t (i) Restriction of the fit region onto
the region of physical interest, e.g. the surroundings of an attractor.
(ii) Appropriate rescaling of the differential equation.

An example in which the first method has been successfully applied is the
Helmholtz-oscillator:

&1 = 23; &3 =—0.52; — 2] +0.0625 + F cos(t) ’ (1)

One attractor of this oscillator is infinity, the other is a strange
attractor SA in the surroundings of the state (x4 ,%5)=(0,0). The dynamics
at SA can be well described by a bifurcation diagram (fig. la). Restricting
the fit region to a part of the basin of attraction of SA gives the
stroboscopic map described in table 1 with which the diagram 3b was
generated. Approximating the correlation between X and x, by a linear
equation the chaotic dynamics near SA can even be described by a one
dimensional map (3c). With Yn=¢3(n*T), T=27 follows:
Yr41=(0.2+0.846%F+10. 299*F2+(3. 806+17. 504*F) *y, +15. 896y, 2) .

ijk 000/001) 002|010} 011 020]100] 101] 110] 200
@yije | 0.009 | 2.215 [ -10.29 | 1.854 | -10.20 | -7.600 | 1.595 | -11.38 | -12.05 | -5.930
@z,iji | -0.232 | 3.833 | -8.892 | 0.716 | -4.902 | -3.964 | 1.140 | -7.040 | -6.219 | -3.084

Table 1: coefficients of the stroboscopic map S(z,T) of (1) with T = 2x
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fig. 1: bifurcation diagram of %3 (nT) vs. F for the Helmholtz-oscillator
(1) with n=100, 101, 102,... calculated with:
a) Runge Kutta method b) two dimensional map c) one dimensional map

The second method, rescaling the deq., can be applied to a special van der
Pol-oscillator.

2y = z3; é,:o.l-(l—zg)-z;—:t:,‘ (2)
In this case the stroboscopic map (fig. 2a,b) is very complex, because the
winding number N=f*n/r depends strongly on the distance from the origin,
whereby f=(x;,%5), r= x12+x22, n=(x5,~%;)*1/r. Choosing now the integra-
tion time T(z) in such way, that the trajectories 2(T) with 2(0)=z, run
around the origin just once, we obtain a Poincare map (fig. 3). This map
(fig. 2c,d) can be described by few non zero coefficients. If the deq. is
autonamous, a scaling x = f(x) * s(x), s = 0, doesn't change the geometry
of the trajectories. The time is rescaled in such way, that the winding
number is constant within the region of interest. This rescaling is called
transformation to normal time. For two dimensional systems with one single
fixpoint in the origin the transformation s=r/ (n*f) is suggested. Using
this transformation we obtain the two dimensional map  Sj(xp,%5),
Sj(xy,%y). Replacing %3 in S, by x2=xl*x20/x1° (this equation describes the
Poincaré surface), whereby X)or Xpo are initial conditions, yields to a one
dimensional map, which gives the dynamics with good accuracy. With
Yn=X3(n*T), b=x1°/x2° follows:
Yne1¥n* (1.0452+0.0055%b-y, 2#(0.0096+0.011*b%)) .
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fig. 2: graphic representation of the stroboscopic map of the unscaled
deq. {a,b) and the deq. transformed to normal time {c,d).
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fig. 3: phase space plots for the deq.(2) obtained from
a) unrescaled deq. b) rescaled deq.
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