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Large-Scale Communication Networks

� The network consists of
a large number of links
and autonomous users
who communicate with
each other.

� The links have limited
bandwidth, and they are
shared by multiple users.
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Congestion Control

De�nition. [Congestion] A resource is congested if the total demand
for the resource exceeds its capacity.

In this study, we focus on bandwidth (of a link) as the main resource.
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Illustrative Example:
A single link with
capacity, C, is
shared by 3 users.
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Congestion Control: Fluid Models

Fluid models are widely used in addressing network control
problems. They are deterministic, and provide an abstraction to packet-
based networks. Using �uid models we focus on �ow rates (x) of users
instead of individual packets.
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Game Theoretic Approach

� Users are modeled as players in a congestion control game.

� We associate each user with a cost function, Ji, which is composed of a pricing
function and a concave utility function.

� Each user adjusts its strategy (flow rate, x) in order to minimize its own cost.

� In this congestion control game, cost (objective) function for the i-th user is

Ji(x; t) = �iDi(t) xi � Ui(xi); (1)

where the total queueing delay, Di, a user experiences is the sum of all queueing
delays on its path, namely Di(t) =

P

l2Ri
dl(t).
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System Dynamics for a Single Link

Consider a continuous-time (CT) dynamic model of the network game:

_xi = �@Ji(x)=@xi; i = 1; : : : ; M

The queueing delay, d, evolves according to

_d(t) =
1

C
(

M
X

i=1

xi � C) (2)

The dynamics of the system are:

_xi(t) =
dUi(xi)

dxi

� �d(t); i = 1; : : : ; M

_d(t) =

PM
i=1 xi

C
� 1;

(3)
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Stability of the Unique Equilibrium Point

De�nition. [Nash Equilibrium] The Nash equilibrium is de�ned as a
set of �ow rates, x� (and corresponding set of costs J�), with the
property that no user can bene�t by modifying its �ow while the other
players keep theirs �xed.

� The system (3) admits a unique equilibrium point, (x�; d�), which is
an approximation to the Nash equilibrium of the congestion control
game (asymptotically exact as M ! 1).

� Stability of this equilibrium point can be shown through a Lyapunov
analysis.
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System Dynamics in Discrete-Time (DT)

Using log-utility functions, the system dynamics (3) are discretized as follows:

xi(t + 1) = xi(t) + �i

�

ui

xi(t) + 1
� �id(t)

�

; i = 1; : : : ; M

d(t + 1) = d(t) +
1

C

PM
i=1 xi(t) � 1

(4)

Global or local stability of the unique equilibrium of the DT system (4) cannot be
established analytically due to its nonlinear nature, except for a special case.

Randomized algorithms prove to be a useful non-analytical tool for investigating
stability and robustness of this system.
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Randomized Algorithms

� Randomized algorithms are being used to address different problems
in a variety of �elds. Recently, they have been studied for analysis
and design of control systems.

� We focus here on random sampling using (Quasi-) Monte Carlo
methods.

� Random sampling attempts to discover whether the members of a
set have a certain property by randomly choosing a member from
that set and testing it. By repeating this processes, one can obtain a
probabilistic estimate on whether the set does have that property.
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Randomized Algorithms

� Local stability of the DT model is investigated for various values of
parameters C; u; � using randomized algorithms.

� Nu and N� samples are generated on 0 < u < umax and
0 < � < �max, respectively, either according to a uniform
distribution or using Quasi-Monte Carlo methods.

� Probability of stability of the system is estimated by

bpN�;Nu =
Nstable

N�Nu

;

where Nstable is the number of stable systems.
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Randomized Algorithms
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Simulation Results
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Simulation Results
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Conclusion

� We have developed and analyzed a congestion control game with
a linear pricing scheme based on variations in the queueing delay
experienced by the users.

� Existence of a unique equilibrium is shown, and its global stability is
established in the CT case.

� Local stability and robustness properties of the nonlinear DT
congestion control algorithm are investigated through randomized
algorithms.

� Both Monte Carlo and Quasi-Monte Carlo methods are used in
generating samples on parameter space.
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