Resonance Curves of Multidimensional Chaotic
Systems

Glenn Foster, Alfred W. Hbler and Karin Dahmen

Abstract We study resonance curves of nonlinear dynamical systethschaotic
forcing functions. We use the calculus of variations to detee the forcing func-
tion that induces the largest response. We compute theaestorcing for a set of
model systems and determine the response of the dynamatehsyo each forcing
function. We show that the response is largest if the modstkesy matches the dy-
namical system. We find that the signal to noise ratio is paldrly large if one of
the Lyapunov exponents is large.

1 Introduction

The limiting response of damped nonlinear oscillators tusoidal forcing func-
tions can usually be characterized with frequency respaogees and Arnold
tongues. The response is typically largest and synchrdnize. the periodic forc-
ing function is in resonance, if the deriving frequency ishii a frequency interval
centered around the frequency of the unperturbed oscillEherefore the frequency
response curve is often called a resonance curve. Resooanes can be derived
with secular perturbation theory and have a large range pbitant applications,
including synchronization [1], stochastic resonance [2a8d nonlinear transport
phenomena [4]. Probably the most important applicatior$®nance spectroscopy,
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-i.e. the identification of dynamical systems based on peaks imnesxe curves.
However only undamped and weakly damped linear oscillattage sharp reso-
nance peaks, whereas the quality of the resonance peak lisfemgystems with
large damping or large nonlinearity [5, 6]. In 1987 Reisalef7] showed that forc-
ing functions which are proportional to the time reflectegenurbed dynamics has
zero reaction power and produces a large response evermfipredicoscillators with
a large nonlinearity. And in the same year Kautz [8] usednogticontrol theory
[9] to derive minimal energy forcing functions to determitte most problem es-
cape paths and activation energies of damped nonlinedtabsis. Beale [10] and
Grassberger [11] generalized Kautz's approach to systemichvdo not necessar-
ily have an energy function. Grassberger shows that thialieikponential growth
rate of optimal forcing functions is equal and opposite te tiegative Lyapunov
exponent, if there is only one negative Lyapunov exponehang et al. [12] use
minimal escape paths of damped nonlinear oscillators tqecbaresonance curves.
Plapp et al. [13] show that the minimization of the energy tredminimization of
the reaction power lead to similar solutions, Krempl et &][apply the method-
ology to quantum systems, and later Wargitsch et al. [15}sthat the solutions
are the same if the duration of the pulse is optimized. Grabiah [16] introduce
generalized potentials for dynamical systems and Beri g g simplify the bound-
ary problem associated with Grassberger’s equations wjitblogical methods and
solve it numerically. Only recently Foster el al. [18] puhled analytical solutions
to the boundary value problem for systems with multiple omegative Lyapunov
exponents and show that the scalar product of the optimainfprfunction and the
separation of nearby trajectories is a conserved quantity.

In this paper, we use the analytical solution by Foster etoafletermine reso-
nance curves of chaotic systems for system identificatiom.st\ow that minimal
escape path resonance curves have a large signal-to-atiseéWwe consider a dy-
namical systems, and a set of models where one of these ntadeilke same map-
ping function as the dynamical system. Typically, the sehotlels is parameterized
with a model parametey,. For each model we determine optimal forcing functions,
apply the optimal forcing function to the dynamical systemd determine the re-
sponse. The response versus the model parameter is ca&lexstinance curve. This
is a generalization of the traditional meaning of resonangges. For instance, if
the dynamical system is a weakly damped, linear oscillatod, the models are set
weakly damped of linear oscillators where the frequenchésrhodel parameter,
then resonant forcing functions are sine-functions witimee tdependent amplitude
and the resonance curve is very similar to a standard freguesponse curve.

2 Resonant Forcing and Resonance Curves

We consider the iterated map dynamics where the mappingidunt contains an
unknown paramete:
Xni1 = f(Xn,@) +Fn+rn 1)
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wherex, € RY denotes the state of thidimensional system at time step=
0,1,---,N—1, andf is differentiable inx within a given region of interesk,, € R4
is a small forcing function at time step rp = (rn1,M2,--,rnd) is very small,
additive, band-limited, white noise where each componérgaah time step is
a random number with variance (rn;)2 >= r?/(Nd) without correlations, i.e.
<rInjrnj >=0fori# j wherei,j=1,2,...,,d. The response is predicted with
a model:

Xny1 = f(Xn,am) +Fn 2

where X, is the state of the model system at timeThe model parametex, is
within a given rangenmin < am < amax Which is assumed to contain the correct value,
i.e.amin < a < amax. If the model is exactd = am, Xo = Xo, rn = 0), the difference
between the observed responB&(F) = |xy — yn|?, and the predicted response
R2 = [Xn(am) — YNn(am)|? is zero, whergy, is the unperturbed system dynamiés,
is the unperturbed model dynamics, a@ne: {Fo,F1,---,Fn_1} is a forcing func-
tion. The fact thaD?(F,an) = R? — R?, is zero if the model is correct, can be used
for system identification. System identification is unigti®?(F,an) has only one
root. The number of roots depends on the forcing functiontaechoise. In order
to achieve a large signal to noise ratio we study the finalmesp of the system to a
set of forcing functions, which contains the resonant faydunction. The resonant
forcing function is the forcing function which produces thggest response among
all forcing functions with the same magnituéé = s\ |Fn) |2. In the case of a
laser fieldF? is a measure for the total energy of the radiation pulse [@P,Ris a
metric for the forcing functiorr. We consider a set of forcing functio®swhere all
forcing functions have the same magnitiéleand each forcing function maximizes
the final response of a particular model with model paramateThen the forc-
ing function depends on the model paraméter F(am ). If the model is correct the
forcing function maximizes the response of the dynamicsiiesy among all forcing
functions with the same magnitude. Consequeftly) maximizes the response of
the system among all forcing functions within the Sefhe functionR(F(am)) is
called aresonance curve. The resonance curve has an &salkimum fola, = a,
i.e.R(F(a)) > R(F(am)) for all ay in the rangegin < am < amax-

We use the calculus of variations with Lagrange function

N—-1
L=R3/2+ zokn<xn+1—f(xn> —Fn)+ M (Fn)?/2 (3)

to determine the forcing function with yields the largesafiresponsd??, where
Yo = Xo. k™ andp are Lagrange multipliers. The stationary points of the bage
function provide necessary conditions for the maximum easp. Elimination of
the Lagrange multiplierk(™ gives the following set of equations for the resonant
forcing function

(Jn+1(b))T Fn+1 =Fy (4)

and
XN —YN = —HFN_1 %)
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where n=0,1,...,N-1, and(b) = (9 fi(b)/9X)|x, is the Jacobi matrix evaluated at
Xn. The dynamics of a small displacemeht= X, — X, between two neighbor-
ing trajectories ak,, and X, is d™1 = J(Md(_ Hence the scalar product of the
resonant forcing and the displacement is a conserved dyanti

P= I:n : dn+l (6)

forn=0,1,---,N — 1. We used no approximations to derive Eq.(6). The resonant
forcing function complements the displacement dynamiagh@imodel. If the sys-
tem is one-dimensional, then the resonant forcing is ptapaal to the inverse of
the displacement at each time step, ke= P/dn1. Thus if the displacement dy-
namics is periodic, then the resonant forcing has the samedpgty and if the
displacement dynamics is chaotic, then the resonant @rftéas the same type of
aperiodicity. Figure 1 shows that the displacement and phienal forcing function

are complementary for a chaotic logistic map dynanmgs; = axn(1— Xn) + F,
wherea= 3.61,N = 15,F = 0.0001 andxy = 0.897.
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Fig. 1 The resonant forcing, (circles) and the displacement of two neighboring trajecsatie
(squares) versus time stagor a chaotic logistic map dynamics. This plot illustrates thatréso-
nant forcing complements the displacement of neighboringdi@jies of the unperturbed system,
i.e. Fndn1 = congtant. When the magnitude of the displacement is large, then the nuaignaf
the resonant force is small, and if the displacement is positieesgbonant force is negative.

3 Resonance Curves for Small Forcing Functions

Next we assume that the forcing function is small and expaedJacobi matrix
about the unperturbed dynamics to lowest order,Jyex (9 fi/dX;)ly,. To lowest
order, the difference between the trajectory of the driyestesn and the unperturbed
system readscy —yYn = Fno1+ Zw;f (M1 In=i) FN—1-n. With Eq. (4) and Eq. (5)
we obtain
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MFN-1 = —HFN-1 @)

whereM =1 + SN"IM, andMp = (M4 In-i) (ML In-i) - | is the identity ma-
trix. M is a symmetric matrix with up ta orthogonal eigenvectors, where
Me = ug,i=1,2,....d ande,2 = 1. The corresponding eigenvalugsare pos-
itive. The eigenvectors of matrid are the solutions of Eq. (Bn_1 = £Fv_16,
whereFy_1 = [Fn-1] and 4 = —p;. Eq. (4) and Eq. (7) yield? = yiR3 ; and
R2 = (xny —yn)2 = p? (Fy_1)? = WiF2. Hence the final forcing which parallels the
eigenvector with the largest eigenvalueMf I = max{y;} produces the largest
response, and the largest response is

R? = IF? (8)
and with Eqg. (7) we obtain
R F .
Fnoi=+—=6€ 9)
Vi
whereg is the eigenvector that corresponds to the largest eigeenaIM, and for
n=0,1---,N—2 the time dependence of the resonant forcing functiof,is-

+-F (ni'\‘:*f*” (Jn+i)T> & Figure 2 shows resonance curves of a chaotic Henon
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Fig. 2 The resonance curve of a chaotic Henon map versus model parametdrereby, =b (a)
and versus model parametgy wherea,;,, = a. The parameters age= 1.08,b= 0.3, N =3 and
F =0.0001.

map dynamics as a function of the map paramageandby,. The Henon map is
Xini1 = 1—a(x1n)? +Xan -+ Fin andxgni1 = bxgn + F2n, wherexn = (Xqn,X2.n)
is the state anéf, = (F1n, F2,n) is the forcing functiona andb are parameters. The
magnitude of the forcing function i = 0.0001, the noise level is= 0, and the
number of time steps i8l = 3. The numerical values of the peak location of the
resonance curve is in good agreement with the system pazesaet 1.08,b=0.3.

For systems with only one variabig,1 = f(xn,a) + F, + rn, the eigenvalue of
M is (see Eq. (7))
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N-2 n of 2
=1+ = 10
H nZl il:l ( ox y(Ni)> (10)

From Eg. (4) we obtain for the resonant forcing function

N—n-1 of
) — hill
il:l ox

whereF(N=Y = +F/, /[i. The response to the resonant forcing functiomis:

F(N-1) (11)
y(n+i)

2 3
model parameter a,

Fig. 3 The resonance curve for a chaotic logistic map (circles) ancatieniD between the re-
sponse model and the response of the dynamical system for a set of sahdismiohg functions
(squares) versus the model parameigr The number of time steps I$ = 4, the noise level is

r = 0.0005, and the magnitude of the forcing functiorFis= 0.001. The dashed line indicates
the theoretical result for the maximum of the resonance cunenddy Eqg. (8). The maximum of
the resonance curve, as well as one of the three rodisave close to the parameter value of the
dynamical systermg = 3.6.

\/ﬁF. Fig. 3 shows the resonant forcing function (Eq. (11)) areldisplacement
dynamics for a chaotic logistic map dynami¢&? = 3.61x(M (1—xM)+F ™ for
n=0,1,---,14, with the initial conditiony®) = x() = 0.34. The magnitude of the
forcing functionF = 0.0001. With Eq. (10) we compute = 1500. We find that the
predicted responde = 0.00387 is close to the numerical valRe= 0.00378.

The matrixMN) describes how the magnitude of a displacement grdi®s|? =

a
(d(°>) MA@ 1f 1™ are the eigenvalues ™" then the Lyapunov exponents

are the limitsA; = limp_« 2—1n In ui(”). The set of Lyapunov exponents will be the
same for almost all starting points on an ergodic attractor.

For some chaotic systems the matrit&’8) have approximately the same eigen-
vectors and eigenvalues. For instance if the Jaccobiamiaat, i.eJ™ = J(© for
n=12---,N—1, thenM® = (J@)n((3O)T)n = (3O JOT)" = (MD)" since
JOQIOHT = (JOHT 3O This is the case for coupled Bernoulli map dynamics (see
Eq. (15)). If the matriceM (™ have approximately the same eigenvectors and eigen-
values, then the eigenvalues obey the following relaﬂbrﬂ A (yiﬂ))” ~ e,
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If an initial displacement is parallel to the eigenvectoivthat corresponds to
the largest Lyapunov exponeht= max{A;,i = 1,2,---,d}, then it has the largest
growth rate, i.ed™ = e*d(©. The final value of the optimal forcing function
F(N-1) s parallel to the eigenvector 1 that corresponds to the largest Lyapunov
exponent and earlier values obey the dynamics:

1\ a(N— - - _ 1
IFM2 = (F(N 1)) MN= (N 1):“i(N n)(F(N 1>)2:W(F(O))2 (12)
|

Hence the the growth rate of the magnitude of the optimairigréunction is equal
to the opposite of the largest Lyapunov exponent:

F( ~ g ANF© (13)

N A
SinceM = I + yN"IM® we estimatgl ~ y,_oN "Ll = 28 ~ =Y Then
the response can be approximated by
1- AN

R ~ —F2
o (14)

An example for a mapping function with a constant Jaccoldandystem of two
coupled Bernoulli maps:

(Xl,n+1> _ <fT\0d(aX1,n+sz,n+F1,n)) (15)
X2 nt1 mod (bxo,n + kx1,n+ Fon)

where the functiormod(x) = x — | X| returns the decimal part of a andb are
the growth rates anklis the coupling constant. We assume that b > 0. For the
corresponding model dynamics with the parameagydm,, andky, the eigenvalues
of My arefi (am, bm, km) = 0.5(a2,+ b2, + 2k2,+ (am + bm) v/ (@m — bm)2 + 4kZ) and
the eigenvectors

\/((am—bmi\/(am—bm)2+4k.%)2+4k,2n>

Since the Jacobiad,(am, bm, km) is symmetric and constant, the eigenvectors of

the M; are eigenvectors d¥ln, and the Lyapunov exponents akg, = %In “i})z

e—=

and the largest Lyapunov exponenﬁi& %In (f). If fi(a,b,k) > 1 the unperturbed

dynamics is chaotic. Hende" = i(J)N*“‘%é The peak value of the resonance
curve is given by Eq. (17).
A A N_1 ne =
If k=0 thenfly =ay, I = 21?1 &= (1,0), FV = +(@"1F//01,0) =

(F©/al,0), whereF © = +a\~1F /, /fi and



8 Glenn Foster, Alfred W. Hbler and Karin Dahmen

@12
R = @ Diaan- 17 ¢

The resonance curve does not dependgnHence the resonance curve can not
be used to determine the parameter of the less chaotic dgaamiFork = 0 the
systems contains two decoupled Bernoulli maps, wiere Inja|, i = 1,2 is the
Lyapunov exponent of each map. The resonant forcing fumésion the direction

of the map with the larger Lyapunov exponent. Hence if botlpsnaave a posi-
tive Lyapunov exponent and therefore both are chaotic, themmresonant forcing
function forces only the map which is more chaotic. Thereoigarcing of the less
chaotic map. For a periodic forcirfg n = (—1)"F /v/N andF,, = 0 the difference
between the system respori®eand the model respon&g, is

1—(—aN\? [1—(—anV\?) F2
D2: ( a) _ ( am) T (18)
a+1l an+1 N
Figure 4 shows the numerical and theoretical resonance dana Bernoulli map

dynamics and the deviatidd?. The response to the sinusoidal forcing function and
D are much smaller than the response to the optimal forcingtifium Finally we

2 3 . 25
model parameter a, model parameter a,

Fig. 4 The resonance curve(a) and the difference between the maginge and the system
response versus the model parameter (b) for a chaotic Bernoullwitparametea = 2. The
continuous lines are the theoretical values given by Eq) éb8 Eq. (19). The resonance curve
has an absolute maximum if the model parameter matches the systemepardn contrast, the
difference of the response is zero if the model parameter matcbeystem parameter.

compute the response to random forciRg= (rin,f2n,---,rdn) Where each com-
ponent of the forcing function at each time step is a randombar with variance
< (rin)? >= F?/(Nd) and without correlations: finfjn>=0fori# j. Then the
expectation value of the response is

13 1-eN) 12
_ (= A I 1
i (dizl 1_92Ai>N o
From Eq. (14) and Eg. (19) we conclude that the response éappitimal forcing is
large compared to response from random forcing, if the Erggapunov exponent
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is much larger than the other Lyapunov exponents. Fig. 5 slilbe/signal-to-noise
ratio, i.e. the ratio response for optimal forcing and randorcing, R?/R?, as a
function of the largest Lyapunov exponent for a chaotic Batihmap dynamics.
The signal-to-noise ratio is particularly large, if thedast Lyapunov exponent is
much larger than the other Lyapunov exponents.

-0.5 0 0.5
Lyapunov exponent)\1

Fig. 5 Signal-to-noise ratid??/r? versus the largest Lyapunov exponent of a coupled Bernoulli
map, whereN = 4, a = 0.5, k= .2, andF =r = 0.0001. The continuous line is the theoretical
value given by Eq. (14) and Eq. (19). The bullets are the empea values determined from 1000
simulations. This figure illustrates that the signal to noise iatgarticularly large if one Lyapunov
exponent is significantly larger than the others.

4 Summary

We compute resonance curves of nonlinear dynamical systéthhaotic forc-
ing functions (see Fig. 2, Fig. 3, and Fig. 4). We use the dadcaf variations to
determine the forcing function that induces the largegparse (Eq. (4) and Eq.
(5)). We find that the product of resonant forcing and the ldisgment of nearby
trajectories is a conserved quantity (Eq. (6)), i.e. whendlsplacement dynam-
ics is irregular, the resonant forcing function is irregutao (see Fig. 1). Figure 2
illustrates that the response is largest if the model systetithes the dynamical
system. Figure 5 shows that the signal to noise ratio isqaatily large if one of
the Lyapunov exponents is large. Traditional resonanceesushow the limiting
response to very long sinusoidal perturbations. Howevenany experimental sit-
uations forcing functions have to be rather short, becaygerenental constraints,
such as the coherence length and the energy content, inipotedn the duration
of a laser pulse. In this paper, resonance curves show thedsponse to short, but
most efficient forcing functions. For damped linear ostilta, these forcing func-
tions are sine-functions where the amplitude grows expiaifnat a rate which is
equal and opposite to its negative Lyapunov exponent. Fasieperiodic systems,
optimal forcing functions are quasi-periodic and have sstam amplitude[21]. For
chaotic one dimensional map dynamics the optimal forcingtion is aperiodic
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and its amplitude decreases exponentially at a rate whiefjual and to its positive
Lyapunov exponent. For some systems the Lyapunov expopestribt describe the
evolution of small perturbation [22]. Even in this case wa canclude that for one-
dimensional mapping functions, the magnitude optimalifgydunction decreases
on average if the magnitude of the separation of nearbyct@jes increases on
average and vice versa, since the product of the optimainigftinction and the

separation of nearby trajectories is a conserved quastty Eq. 6).
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