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Abstract We study resonance curves of nonlinear dynamical systems with chaotic
forcing functions. We use the calculus of variations to determine the forcing func-
tion that induces the largest response. We compute the resonant forcing for a set of
model systems and determine the response of the dynamical system to each forcing
function. We show that the response is largest if the model system matches the dy-
namical system. We find that the signal to noise ratio is particularly large if one of
the Lyapunov exponents is large.

1 Introduction

The limiting response of damped nonlinear oscillators to sinusoidal forcing func-
tions can usually be characterized with frequency responsecurves and Arnold
tongues. The response is typically largest and synchronized, -i.e. the periodic forc-
ing function is in resonance, if the deriving frequency is within a frequency interval
centered around the frequency of the unperturbed oscillator. Therefore the frequency
response curve is often called a resonance curve. Resonancecurves can be derived
with secular perturbation theory and have a large range of important applications,
including synchronization [1], stochastic resonance [2, 3], and nonlinear transport
phenomena [4]. Probably the most important application is resonance spectroscopy,
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-i.e. the identification of dynamical systems based on peaks in resonance curves.
However only undamped and weakly damped linear oscillators, have sharp reso-
nance peaks, whereas the quality of the resonance peak is small for systems with
large damping or large nonlinearity [5, 6]. In 1987 Reiser etal. [7] showed that forc-
ing functions which are proportional to the time reflected unperturbed dynamics has
zero reaction power and produces a large response even for damped oscillators with
a large nonlinearity. And in the same year Kautz [8] used optimal control theory
[9] to derive minimal energy forcing functions to determinethe most problem es-
cape paths and activation energies of damped nonlinear oscillators. Beale [10] and
Grassberger [11] generalized Kautz’s approach to systems which do not necessar-
ily have an energy function. Grassberger shows that the initial exponential growth
rate of optimal forcing functions is equal and opposite to the negative Lyapunov
exponent, if there is only one negative Lyapunov exponent. Chang et al. [12] use
minimal escape paths of damped nonlinear oscillators to compute resonance curves.
Plapp et al. [13] show that the minimization of the energy andthe minimization of
the reaction power lead to similar solutions, Krempl et al [14] apply the method-
ology to quantum systems, and later Wargitsch et al. [15] show that the solutions
are the same if the duration of the pulse is optimized. Grahamet al. [16] introduce
generalized potentials for dynamical systems and Beri et al. [17] simplify the bound-
ary problem associated with Grassberger’s equations with topological methods and
solve it numerically. Only recently Foster el al. [18] published analytical solutions
to the boundary value problem for systems with multiple or nonegative Lyapunov
exponents and show that the scalar product of the optimal forcing function and the
separation of nearby trajectories is a conserved quantity.

In this paper, we use the analytical solution by Foster et al.to determine reso-
nance curves of chaotic systems for system identification. We show that minimal
escape path resonance curves have a large signal-to-noise ratio. We consider a dy-
namical systems, and a set of models where one of these modelshas the same map-
ping function as the dynamical system. Typically, the set ofmodels is parameterized
with a model parameteram. For each model we determine optimal forcing functions,
apply the optimal forcing function to the dynamical system,and determine the re-
sponse. The response versus the model parameter is called the resonance curve. This
is a generalization of the traditional meaning of resonancecurves. For instance, if
the dynamical system is a weakly damped, linear oscillator,and the models are set
weakly damped of linear oscillators where the frequency is the model parameter,
then resonant forcing functions are sine-functions with a time dependent amplitude
and the resonance curve is very similar to a standard frequency response curve.

2 Resonant Forcing and Resonance Curves

We consider the iterated map dynamics where the mapping function f contains an
unknown parametera:

xn+1 = f(xn,a)+Fn + rn (1)
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where xn ∈ Rd denotes the state of thed-dimensional system at time stepn =
0,1, · · · ,N −1, and f is differentiable inx within a given region of interest.Fn ∈ Rd

is a small forcing function at time stepn. rn = (rn,1,rn,2, · · · ,rn,d) is very small,
additive, band-limited, white noise where each component at each time step is
a random number with variance< (rn,i)

2 >= r2/(Nd) without correlations, i.e.
< rn,irn, j >= 0 for i 6= j wherei, j = 1,2, . . . , ,d. The response is predicted with
a model:

Xn+1 = f(Xn,am)+Fn (2)

whereXn is the state of the model system at timen. The model parameteram is
within a given rangeamin ≤ am ≤ amax which is assumed to contain the correct value,
i.e. amin ≤ a ≤ amax. If the model is exact (a = am, x0 = X0, rn = 0), the difference
between the observed response,R2(F) = |xN − yN |2, and the predicted response
R2

m = |XN(am)−YN(am)|2 is zero, whereyn is the unperturbed system dynamics,Yn

is the unperturbed model dynamics, andF = {F0,F1, · · · ,FN−1} is a forcing func-
tion. The fact thatD2(F,am) = R2−R2

m is zero if the model is correct, can be used
for system identification. System identification is unique if D2(F,am) has only one
root. The number of roots depends on the forcing function andthe noise. In order
to achieve a large signal to noise ratio we study the final response of the system to a
set of forcing functions, which contains the resonant forcing function. The resonant
forcing function is the forcing function which produces thelargest response among
all forcing functions with the same magnitudeF2 = ∑N−1

n=0 |Fn) |2. In the case of a
laser fieldF2 is a measure for the total energy of the radiation pulse [19, 20]. F is a
metric for the forcing functionF. We consider a set of forcing functionsS, where all
forcing functions have the same magnitudeF , and each forcing function maximizes
the final response of a particular model with model parameteram. Then the forc-
ing function depends on the model parameterF = F(am). If the model is correct the
forcing function maximizes the response of the dynamical system among all forcing
functions with the same magnitude. ConsequentlyF(a) maximizes the response of
the system among all forcing functions within the setS. The functionR(F(am)) is
called a resonance curve. The resonance curve has an absolute maximum foram = a,
i.e. R(F(a)) ≥ R(F(am)) for all am in the rangeamin ≤ am ≤ amax.

We use the calculus of variations with Lagrange function

L = R2
m/2+

N−1

∑
n=0

kn (xn+1− f (xn)−Fn)+ µ (Fn)
2/2 (3)

to determine the forcing function with yields the largest final responseR2
m where

Y0 = X0. k(n) andµ are Lagrange multipliers. The stationary points of the Lagrange
function provide necessary conditions for the maximum response. Elimination of
the Lagrange multipliersk(n) gives the following set of equations for the resonant
forcing function

(Jn+1(b))T Fn+1 = Fn (4)

and
xN −yN = −µFN−1 (5)
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where n=0,1,...,N-1, andJn(b) = (∂ fi(b)/∂X j)|Xn is the Jacobi matrix evaluated at
Xn. The dynamics of a small displacementdn = Xn − X̃n between two neighbor-
ing trajectories atXn andX̃n is d(n+1) = J(n)d(n). Hence the scalar product of the
resonant forcing and the displacement is a conserved quantity

P = Fn ·dn+1 (6)

for n = 0,1, · · · ,N −1. We used no approximations to derive Eq.(6). The resonant
forcing function complements the displacement dynamics ofthe model. If the sys-
tem is one-dimensional, then the resonant forcing is proportional to the inverse of
the displacement at each time step, i.e.Fn = P/dn+1. Thus if the displacement dy-
namics is periodic, then the resonant forcing has the same periodicity and if the
displacement dynamics is chaotic, then the resonant forcing has the same type of
aperiodicity. Figure 1 shows that the displacement and the optimal forcing function
are complementary for a chaotic logistic map dynamics,xn+1 = axn(1− xn)+ Fn,
wherea = 3.61,N = 15,F = 0.0001 andx0 = 0.897.
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Fig. 1 The resonant forcingFn (circles) and the displacement of two neighboring trajectoriesdn+1
(squares) versus time stepn for a chaotic logistic map dynamics. This plot illustrates that the reso-
nant forcing complements the displacement of neighboring trajectories of the unperturbed system,
i.e. Fndn+1 = constant. When the magnitude of the displacement is large, then the magnitude of
the resonant force is small, and if the displacement is positive, the resonant force is negative.

3 Resonance Curves for Small Forcing Functions

Next we assume that the forcing function is small and expand the Jacobi matrix
about the unperturbed dynamics to lowest order, i.e.Jn ≈ (∂ fi/∂x j)|yn . To lowest
order, the difference between the trajectory of the driven system and the unperturbed
system reads:xN −yN = FN−1+∑N−1

n=1 (∏n
i=1 JN−i)FN−1−n. With Eq. (4) and Eq. (5)

we obtain
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MFN−1 = −µFN−1 (7)

whereM = I + ∑N−1
n=1 Mn andMn = (∏n

i=1 JN−i)(∏n
i=1 JN−i)

T . I is the identity ma-
trix. M is a symmetric matrix with up tod orthogonal eigenvectorsei, where
Mei = µiei, i = 1,2, . . . ,d ande2

i = 1. The corresponding eigenvaluesµi are pos-
itive. The eigenvectors of matrixM are the solutions of Eq. (7)FN−1 = ±FN−1ei,
whereFN−1 = |FN−1| and µ = −µi. Eq. (4) and Eq. (7) yieldF2 = µiF2

N−1 and

R2 = (xN −yN)2 = µ2
i (FN−1)

2 = µiF2. Hence the final forcing which parallels the
eigenvector with the largest eigenvalue ofM, µ̂ = max{µi} produces the largest
response, and the largest response is

R2 = µ̂F2 (8)

and with Eq. (7) we obtain

F̂N−1 = ± F
√

µ̂
ê (9)

whereê is the eigenvector that corresponds to the largest eigenvalue ofM, and for
n = 0,1, · · · ,N − 2 the time dependence of the resonant forcing function isFn =

± F√
µ̂

(

∏N−1−n
i=1 (Jn+i)

T
)

ê. Figure 2 shows resonance curves of a chaotic Henon
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Fig. 2 The resonance curve of a chaotic Henon map versus model parameteram, wherebm = b (a)
and versus model parameterbm wheream = a. The parameters area = 1.08, b = 0.3, N = 3 and
F = 0.0001.

map dynamics as a function of the map parameteram andbm. The Henon map is
x1,n+1 = 1− a(x1,n)

2 + x2,n + F1,n andx2,n+1 = bx1,n + F2,n, wherexn = (x1,n,x2,n)
is the state andFn = (F1,n,F2,n) is the forcing function.a andb are parameters. The
magnitude of the forcing function isF = 0.0001, the noise level isr = 0, and the
number of time steps isN = 3. The numerical values of the peak location of the
resonance curve is in good agreement with the system parametersa = 1.08,b = 0.3.

For systems with only one variablexn+1 = f (xn,a)+ Fn + rn, the eigenvalue of
M is (see Eq. (7))
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µ̂ = 1+
N−2

∑
n=1

n

∏
i=1

(

∂ f
∂x

∣

∣

∣

∣

y(N−i)

)2

(10)

From Eq. (4) we obtain for the resonant forcing function

F(n) =
N−n−1

∏
i=1

∂ f
∂x

∣

∣

∣

∣

y(n+i)
F(N−1) (11)

whereF(N−1) = ±F/
√

µ̂. The response to the resonant forcing function isR =
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Fig. 3 The resonance curve for a chaotic logistic map (circles) and deviation D between the re-
sponse model and the response of the dynamical system for a set of sinusoidal forcing functions
(squares) versus the model parameteram. The number of time steps isN = 4, the noise level is
r = 0.0005, and the magnitude of the forcing function isF = 0.001. The dashed line indicates
the theoretical result for the maximum of the resonance curve given by Eq. (8). The maximum of
the resonance curve, as well as one of the three roots ofD are close to the parameter value of the
dynamical system,a = 3.6.

√

µ̂F . Fig. 3 shows the resonant forcing function (Eq. (11)) and the displacement
dynamics for a chaotic logistic map dynamicsx(n+1) = 3.61x(n)(1−x(n))+F(n), for
n = 0,1, · · · ,14, with the initial conditiony(0) = x(0) = 0.34. The magnitude of the
forcing functionF = 0.0001. With Eq. (10) we computêµ = 1500. We find that the
predicted responseR = 0.00387 is close to the numerical valueR = 0.00378.

The matrixM(N) describes how the magnitude of a displacement grows|d(N)|2 =
(

d(0)
)T

M(N)d(0). If µ(n)
i are the eigenvalues ofM(n) then the Lyapunov exponents

are the limitsλi = limn→∞
1
2n ln µ(n)

i . The set of Lyapunov exponents will be the
same for almost all starting points on an ergodic attractor.

For some chaotic systems the matricesM(n) have approximately the same eigen-
vectors and eigenvalues. For instance if the Jaccobian is constant, i.e.J(n) = J(0) for
n = 1,2, · · · ,N −1, thenM(n) = (J(0))n((J(0))T )n = (J(0)(J(0))T )n = (M(1))n since
J(0)(J(0))T = (J(0))T J(0). This is the case for coupled Bernoulli map dynamics (see
Eq. (15)). If the matricesM(n) have approximately the same eigenvectors and eigen-

values, then the eigenvalues obey the following relationµ(n)
i ≈ (µ(1)

i )n ≈ e2nλi .
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If an initial displacement is parallel to the eigenvector ofM that corresponds to
the largest Lyapunov exponentλ̂ = max{λi, i = 1,2, · · · ,d}, then it has the largest

growth rate, i.e.d(n) = enλ̂ d(0). The final value of the optimal forcing function
F(N−1) is parallel to the eigenvector ofM that corresponds to the largest Lyapunov
exponent and earlier values obey the dynamics:

|F(n)|2 =
(

F(N−1)
)T

M(N−n)F(N−1) = µ(N−n)
i (F(N−1))2 =

1
µn

i
(F(0))2 (12)

Hence the the growth rate of the magnitude of the optimal forcing function is equal
to the opposite of the largest Lyapunov exponent:

F(n) ≈ e−λ̂nF(0) (13)

SinceM = I +∑N−1
n=1 M(n) we estimatêµ ≈ ∑n=0

N−1µ̂n
1 =

1−µN
1

1−µ1
≈ 1−e2λ̂N

1−e2λ̂ . Then

the response can be approximated by

R2 ≈ 1− e2λ̂N

1− e2λ̂
F2 (14)

An example for a mapping function with a constant Jaccobian is a system of two
coupled Bernoulli maps:

(

x1,n+1

x2,n+1

)

=

(

mod(ax1,n + kx2,n +F1,n)
mod(bx2,n + kx1,n +F2,n)

)

(15)

where the functionmod(x) = x−⌊x⌋ returns the decimal part ofx. a andb are
the growth rates andk is the coupling constant. We assume thata > b ≥ 0. For the
corresponding model dynamics with the parametersam, bm, andkm, the eigenvalues
of M1 areµ̂1(am,bm,km) = 0.5(a2

m +b2
m +2k2

m +(am +bm)
√

(am −bm)2 +4k2
m) and

the eigenvectors

e=
(am −bm +

√

(am −bm)2 +4k2
m,2km)

√

(
(

am −bm ±
√

(am −bm)2 +4k2
m

)2
+4k2

m)

(16)

Since the JacobianJn(am,bm,km) is symmetric and constant, the eigenvectors of

the M1 are eigenvectors ofMn, and the Lyapunov exponents areλ1/2 = 1
2 ln µ(1)

1/2

and the largest Lyapunov exponent isλ̂ = 1
2 ln(µ̂). If µ̂(a,b,k) > 1 the unperturbed

dynamics is chaotic. HenceF(n) =±(J)N−1−n F√
µ̂

ê. The peak value of the resonance

curve is given by Eq. (17).

If k = 0 then µ̂J = a1, µ̂ =
a2N

1 −1

a2
1−1

, ê = (1,0), F(n) = ±(aN−n−1
1 F/

√

µ̂,0) =

(F(0)/an
1,0), whereF(0) = ±aN−1

1 F/
√

µ̂ and



8 Glenn Foster, Alfred W. Ḧubler and Karin Dahmen

R2 = F2 (aNaN
m −1)2(a2

m −1)

(a2N
m −1)(aam −1)2 (17)

The resonance curve does not depend onbm. Hence the resonance curve can not
be used to determine the parameter of the less chaotic dynamicsbm. For k = 0 the
systems contains two decoupled Bernoulli maps, whereλi = ln |ai|, i = 1,2 is the
Lyapunov exponent of each map. The resonant forcing function is in the direction
of the map with the larger Lyapunov exponent. Hence if both maps have a posi-
tive Lyapunov exponent and therefore both are chaotic, thenthe resonant forcing
function forces only the map which is more chaotic. There is no forcing of the less
chaotic map. For a periodic forcingF1,n = (−1)nF/

√
N andF2,n = 0 the difference

between the system responseR2 and the model responseR2
m is

D2 =

(

(

1− (−a)N

a+1

)2

−
(

1− (−am)N

am +1

)2
)

F2

N
(18)

Figure 4 shows the numerical and theoretical resonance curve for a Bernoulli map
dynamics and the deviationD2. The response to the sinusoidal forcing function and
D are much smaller than the response to the optimal forcing function. Finally we
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Fig. 4 The resonance curve(a) and the difference between the model response and the system
response versus the model parameter (b) for a chaotic Bernoulli mapwith parametera = 2. The
continuous lines are the theoretical values given by Eq. (18) and Eq. (19). The resonance curve
has an absolute maximum if the model parameter matches the system parameter. In contrast, the
difference of the response is zero if the model parameter matches the system parameter.

compute the response to random forcingrn = (r1,n,r2,n, · · · ,rd,n) where each com-
ponent of the forcing function at each time step is a random number with variance
< (ri,n)

2 >= F2/(Nd) and without correlations< ri,nr j,n >= 0 for i 6= j. Then the
expectation value of the response is

R2
r =

(

1
d

d

∑
i=1

1− e2λiN

1− e2λi

)

r2

N
(19)

From Eq. (14) and Eq. (19) we conclude that the response for the optimal forcing is
large compared to response from random forcing, if the largest Lyapunov exponent
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is much larger than the other Lyapunov exponents. Fig. 5 shows the signal-to-noise
ratio, i.e. the ratio response for optimal forcing and random forcing, R2/R2

r , as a
function of the largest Lyapunov exponent for a chaotic Bernoulli map dynamics.
The signal-to-noise ratio is particularly large, if the largest Lyapunov exponent is
much larger than the other Lyapunov exponents.

−0.5 0 0.5
4
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8

Lyapunov exponent λ
1

R
2 /R

r2

Fig. 5 Signal-to-noise ratioR2/r2
r versus the largest Lyapunov exponent of a coupled Bernoulli

map, whereN = 4, a2 = 0.5, k = .2, andF = r = 0.0001. The continuous line is the theoretical
value given by Eq. (14) and Eq. (19). The bullets are the expectation values determined from 1000
simulations. This figure illustrates that the signal to noise ratiois particularly large if one Lyapunov
exponent is significantly larger than the others.

4 Summary

We compute resonance curves of nonlinear dynamical systemswith chaotic forc-
ing functions (see Fig. 2, Fig. 3, and Fig. 4). We use the calculus of variations to
determine the forcing function that induces the largest response (Eq. (4) and Eq.
(5)). We find that the product of resonant forcing and the displacement of nearby
trajectories is a conserved quantity (Eq. (6)), i.e. when the displacement dynam-
ics is irregular, the resonant forcing function is irregular too (see Fig. 1). Figure 2
illustrates that the response is largest if the model systemmatches the dynamical
system. Figure 5 shows that the signal to noise ratio is particularly large if one of
the Lyapunov exponents is large. Traditional resonance curves show the limiting
response to very long sinusoidal perturbations. However inmany experimental sit-
uations forcing functions have to be rather short, because experimental constraints,
such as the coherence length and the energy content, impose limits on the duration
of a laser pulse. In this paper, resonance curves show the final response to short, but
most efficient forcing functions. For damped linear oscillators, these forcing func-
tions are sine-functions where the amplitude grows exponentially at a rate which is
equal and opposite to its negative Lyapunov exponent. For quasi-periodic systems,
optimal forcing functions are quasi-periodic and have a constant amplitude[21]. For
chaotic one dimensional map dynamics the optimal forcing function is aperiodic
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and its amplitude decreases exponentially at a rate which isequal and to its positive
Lyapunov exponent. For some systems the Lyapunov exponent does not describe the
evolution of small perturbation [22]. Even in this case we can conclude that for one-
dimensional mapping functions, the magnitude optimal forcing function decreases
on average if the magnitude of the separation of nearby trajectories increases on
average and vice versa, since the product of the optimal forcing function and the
separation of nearby trajectories is a conserved quantity (see Eq. 6).
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